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Abstract 

By a generalized Tannaka-Krein reconstruction we associate to the ad- 
missible representions of the category O of a Kac-Moody algebra, and its 
category of admissible duals a monoid with a coordinate ring. 
The Kac-Moody group is the Zariski open dense unit group of this monoid. 
The restriction of the coordinate ring to the Kac-Moody group is the al- 
gebra of strongly regular functions introduced by Kac and Peterson. 
This monoid has similar structural properties as a reductive algebraic 
monoid. In particular it is unit regular, its idempotents related to the 
faces of the Tits cone. It has Bruhat and Birkhoff decompositions. 
The Kac-Moody algebra is isomorphic to the Lie algebra of this monoid. 
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Introduction 



The (minimal) Kac-Moody group G constructed in [K,P 1] by V. Kac and D. 
Peterson is a group analogue of a semisimple, simply connected algebraic group 
(without a coordinate ring, without a topology). 



Kac and Peterson defined and investigated in [ K,P 2[ | the algebra of strongly 



regular functions C [G] of a symmetrizable Kac-Moody group. This algebra has 
many properties in common with the coordinate ring of a semisimple, simply 
connected algebraic group. It is an integrally closed domain, even a unique 
factorization domain. It admits a Peter and Weyl theorem, i.e.. 



:[G] - L*{K)®L{K) 



AeP+ 
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as G X G-modules. But the following things, which hold in the non-classical 
case, are different: 

• The group structure of G does not induce a Hopf algebra structure on 
C [G] . There is no comultiplication due to the infinite-dimensionality of 
the highest and lowest weight representations. There is no antipode due 
to the inequivalence between highest and lowest weight representations. 

• Assigning to every element of G its vanishing ideal, G embeds in the set 
of f-codimensional ideals of C [G] , which we denote by Specm C [G] . But 
this map is not surjective. 

Kac and Peterson posed the problem to determine the part 

U U Up,---Up^T''"'"' C Specm C[G] . (1) 

(Here the elements of G have been identified with the corresponding vanishing 
ideals. T denotes a maximal torus given by the construction of the Kac-Moody 
group, and JTsj, . . . , ?7^,„ are root groups belonging to T.) 

At the same time P. Slodowy wanted to connect the deformation theory of 
certain singularities with the Kac-Moody groups. Together with E. Looijenga 
he defined an adjoint quotient 

X : G ^ f/W (2) 



as a map, [ pi 1| , ]S1 2[ . In the non-classical case the target space T/W is a 
pro per e xtension of T/W, related to a certain partial compactification described 
in [ [Loo{ . (Such an extension is really necessary. This is indicated by the fact, 
that not every element of G can be conjugated in a fixed Borel subgroup.) 
Compared to its classical counterpart this adjoint quotient has bad proper- 
ties. In the non-classical case there are 'missing' conjucagy classes in its fi- 
bres. Slodowy guessed that this quotient can be extended to a certain part 
G C Specm C[G]. 

There is an action of G x G on Specm C [G] , extending the action on G. Slodowy 
conjectured 

G = G ■ f ■ G , (3) 



where T should be realized as a torus embedding T C T of nonfinite type, | S1 2 |. 
He also guessed the form of some elements e(i?(9)) G T, 6 special. 

He discussed this with Peterson. Some time later Peterson announced a proof 
of this conjecture, G the part (j^) of Specm C[G], together with some other 
structural properties of G, The most important are: 

• There should be a monoid structure on G. 

• Every idempotent of G is conjugate to one of the elements e(i?(8)) by an 
element of G. 
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• G = U±NU± where N :^ N { e{R{e)) | 6 special } ^ is a submonoid. 



But Peterson didn't give any proof. 

About ten years later, as a student of P. Slodowy, the task of my PhD was to 



investigate all these conjectures and claims, |M 1]. 

Important for these investigations was the paper |Kas| of M. Kashiwara, in 
which he had studied the whole spectrum Spec C [G] in connection with his infi- 
nite dimensional algebraic geometric approach to the fiag varieties of Kac- Moody 
groups. For his construction of the flag variety he used an open subscheme of 
the full spectrum SpecC [G], which has a countable covering by big cells. He 
factored this subscheme by an action of the formal Borel subgroup of the formal 
Kac- Moody group Gf. 

There had also been another development relevant for these investigations: 
A reductive linear algebraic monoid (M, C [M]) is a connected linear algebraic 
monoid, whose principal open unit group G is reductive. The linear algebraic 
monoid M{n, C) of n x n-matrices is a typical example. Note that there are no 
nontrivial reductive linear algebraic monoids with semisimple unit group. 
Reductive linear algebraic monoids have been studied carefully by M. Putcha 



and L. Renner. Many of their results are presented in the book |Pt;]. 
Such a monoid M is unit regular. Every idempotent of M is G-conjugate to 
an idempotent in the closure T of a maximal torus T of G. It has Bruhat and 
Birkhoff decompositions, the Weyl group N/T replaced by the Renner monoid 
N/T. _ 

The closure T of the torus T is an affine toric variety. The Weyl group W acts 



on T, extending its action on T. In |Re| Renner showed that a normal reductive 



linear algebraic monoid AI with zero and one-dimensional center is classified by 
its unit group G, and the toric variety T, equipped with the Weyl group action. 
In [0 E. Vinberg remarked that the condition of a one-dimensional center is 
not really essential. He gave a representation theoretic approach to the classifi- 
cation problem. 

To investigate part (0) of SpecmC[G], which we call Kac-Peterson-Slodowy 
part, to prove the conjectures of P. Slodowy, and the claims of D. Peterson we 
shall proceed as follows: 

Since the Kac-Moody group G acts faithfully on the sum ®Agp+ L{A), it can 
be identified with with a subgroup of the monoid of linear endomorphisms 
i?nd(0^gp+ L{A)). In Section 1 we define a monoid G, which is generated 
by G and certain idempotents e(i?(6)) £ End{^^^p+ L{A)), 9 special. 
For this monoid we prove the conjecture (||) of P. Slodowy, and all the claims 
of D. Peterson on the structure. But we obtain even more results. We show 



G = [jB^aB^ 



<t6W 
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and investigate the monoid W = N/T, which we call Weyl monoid. We prove a 
theorem, which allows to reduce any computation in G to computations in the 
Kac-Moody group G, and in the face lattice Ti{X) of the Tits cone X, equipped 
with its action of the Weyl group. We show how to construct the monoid G from 
the system of root groups data {Ua)aeAre ) ^) ^^'^ from the monoid ( ^^{X) , fl ). 

It is not too difficult to see, that G embeds in Specm C [G] in a natural way, 
its image contained in the Kac-Peterson-Slodowy part. But I could not find a 
direct proof, showing equality. 

Also it is surprising, that there exists such a monoid. It would be desirable to 
gain a better understanding where this monoid comes from, and to make the 
analogy with a reductive algebraic monoid even more tight. 

A semisimple, simply connected algebraic group can be obtained from its cate- 
gory of rational representations by Tannaka-Krein reconstruction. 
It is also possible to use for this reconstruction the corresponding category 
of representations of its semisimple Lie algebra. Because we assumed 'simply 
connected', this category coincides with the category of finite dimensional rep- 
resentations of the semisimple Lie algebra. 

It is important to observe, that there are several natural generalizations of this 
category for a Kac-Moody algebra g: 

• The tensor category of admissible modules of g. (These modules are used 
for the construction of the Kac-Moody group G.) 

• The tensor category Oadm of admissible modules of the category O. This 
category is close to the classical case, because it keeps the complete re- 
ducibility theorem, i.e., every module of Oadm is isomorphic to a direct 
sum of irreducible highest weight modules L{A), A e P~^. 

• A category, which is build in a similar way as Oadm: but where we have 
a complete reducibility theorem using the lowest weight modules L*{A), 
AeP+. 

In a way similar to the Tannaka-Krein reconstruction, a suitable category of 
representations of a Lie algebra, together with a suitable category of duals de- 
termine a monoid with coordinate ring. This monoid is the biggest monoid, 
acting reasonably on the representations, compatible with the duals. The coor- 
dinate ring is a coordinate ring of matrix coefficients. But the multiplication of 
the monoid does not have to induce a comultiplication of the coordinate ring. 

In Section 4 we formulate this generalized Tannaka-Krein reconstruction for the 
category Oadm and its category of admissible duals. 

In Section 5 we show that G is the monoid determined by these categories, 
which is one of the main results of this paper. The Kac-Moody group G is the 
Zarsiki open dense unit group of G. The algebra of strongly regular functions is 
isomorphic to the coordinate ring C [G] by the restriction map. In this way, the 
algebra of strongly regular functions is really the coordinate ring of a monoid. 
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Note that this monoid is a purely infinite dimensional phenomenon. In the clas- 
sical case, it reduces to a semisimple, simply connected algebraic group. 

It is quite a long way to prove this result. We use an easy infinite dimensional 
algebraic geometry, which is developed in Section 3. The monoids obtained by 
a generalized Tannaka-Krein reconstruction are weak algebraic monoids in this 
algebraic geometric setting. 

As remarked above, it is not too difficult to see, that the part of SpecmC [G] 
corresponding to G is contained in the Kac-Peterson-Slodowy part. Using the 
characterization of G by the generalized Tannka-Krein reconstruction, we show 
in Section 5, that the Kac-Peterson-Slodowy part is contained in the part of 
SpecmC [G] corresponding to G. Therefore we have equality. 
Furthermore we show in Section 5, that the Zariski closure T = T is an afhne 
toric variety of nonfinite type. We show N — N, which makes the analogy of 
the Weyl monoid W = N/T = N/T with a Renner monoid even more tight. 
Although the monoid G does not act on the flag varieties, we show that it acts 
on the affine cones of the flag varieties. 

In Section 6 we show that the Kac-Moody algebra is isomorphic to the Lie al- 
gebra of G. 

In Section 1 we quickly review Kac-Moody algebras, Kac-Moody groups and 
the algebra of strongly regular functions, merely to introduce our notations. 
We also give an easy generalization of afflne toric varieties. 



This preprint is a revised version of the preprint 'A monoid completion of a 
Kac-Moody group', which had been submitted to a journal three years ago, but 
did not get valued. 

The monoid G can be characterized as a closure in a very big space. To inves- 
tigate this closure has been motivated in the preprint 'A monoid completion of 
a Kac-Moody group' by the approach of Vinberg to the classification problem 
of reductive algebraic monoids. 

I found the interpretation by the generalized Tannaka-Krein reconstruction af- 
ter my PhD. I included it here, because it is more beautiful. 

After this long time, also many other things in relation to this monoid have 
been investigated: 

The C-valued points of the algebra of strongly regular functions have been 
determined and investigated in | M 2| . The results on the G/ x Gy-orbits of 
SpecmC [G] (closures, big cells, stratified transversal slices) can be transfered 
to the G X G-orbits of G, for which they are easier to prove. The closu res o f 
the Bruhat and Birkoff cells have been determined, and will be given in [ M 3 |, 
as well as an extension of the length function from the Weyl group to the Weyl 
monoid. 

The generalized Tannaka-Krein reconstruction has been investigated in general. 
It was natural to determine the monoid, which corrcsjxjnds to the category 
Oadm and its category of full duals. This is a monoid G/, which is build in a 
similar way as the monoid G, but the minimal Kac-Moody group G is replaced 
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by the formal Kac-Moody group Gf, | M 4 1 . 

Presumably the Kac-Moody group G is the monoid associated to the category 
of admissible modules and its category of admissible duals. This is difficult to 
show, because there is no complete reducibility theorem. 

The following investigations have already been started: 

Extending the adjoint quotient (^) of Looijenga and Slodowy to an adjoint quo- 
tient X-G^ f/W. 

Extending the monoid G- C G of totally non-negative elements of Lusztig to a 
monoid G- C G. Generalizing the characterizations of Fomin and Zelevinsky. 
Defining and investigating the analogues of normal reductive algebraic monoids 
in the Kac-Moody case. 
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1 Preliminaries 

We denote by N = Z+, Q+, resp. M+ the sets of strictly positive numbers of Z, 
Q, resp. M , and the sets Nq ~ Z^j", Qg", Mq" contain in addition the zero. 

In the whole paper F is a field of characteristic 0, and K an arbitrary field with 
|IK I = oo . Their unit groups are denoted by and . 



1.1 Kac-Moody algebras, Kac-Moody groups and the al- 
gebra of strongly regular functions 

In this subsection we collect some basic facts about Kac-Moody algebras, Kac- 
Moody groups and the algebra of strongly regular functions which are used later, 
and introduce our notation. 

The Kac-Moody group given in |K,P 1 |, |K,P 3| corresponds to the derived Kac- 
Moody algebra. We work wit h a s li ghtly en larged group corresponding to the 
full Kac-Moody algebra as in | Ti 1 1 , | Mo, Pi ] . 

All the material stated in this subsection about Kac-Moody algebras can be 
found in the books [^] ( most r esults also valid for a field of ch aracter is tic zero , 
with th e same proofs), [ Mo,P| , about Kac-Moody groups in K,P 1 |, K,P 3 |, 
[Mo,Pi|, and about the algebra of strongly regular functions in [K,P 2|. 



Optimal realizations: Starting point for the construction of a Kac-Moody 
algebra and its associated simply connected Kac-Moody group is a generalized 
Cartan matrix A — (ciij) G M„(Z), which we also assume to be symmetrizable. 
Denote by / the rank of A, and set / := {1, 2, . . . n}. 

A simply connected minimal free root base for A, which we call an optimal 
realization for short, consists of: 

• Dual free Z- modules H, P of rank 2n — I. 

• Linear independent sets 11^ = {hi, . . . , /i„} <Z H , H = {ai, . . . , a„} C P, 
such that OLi{hj) = aji , i, j = 1, . . . , n. 

• Furthermore Hi := := Z-span{/ii, . . . , is saturated in H, which means 
that for all n , X ^ H we have: nx e Hj ^ a; £ Hj 

P is called the weight lattice, Q := Z-span{ | i G I } the root lattice, and 
the coroot lattice. Set :— Zi|^-span{ | i G / }, and := \ {0}. 

We fix a complement Hrest of Hj in H. This complement determines a system 
of fundamental dominant weights Ai, . . . , A„ by 



A,{hj 



% (i = 1, • ■ , Aj(/i) 



{he Hrest) 



We extend hi, . . . , hn G Hj with elements hn+i, . . . , /i2n-i G Hrest to a base 
of H, and extend Ai, . . . , A„ to the corresponding dual base Ai, . . . , A2„-i . 

The Weyl group and the Tits cone: Identify H and P with the correspond- 
ing sublattices of the following vector spaces over F : 



:= H®j,¥ 



— Vi* — 



P®zF 
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h* is interpreted as the dual of h. Order the elements of h* by A < A' if and 

only if A'-AgQJ. 

Choose a symmetric matrix B G M„(Q), and a diagonal matrix D = diag(ei, . . . , e„), 
ei, . . . , e„ e Q"*", such that A = DB. Define a nondegenerate symmetric bilinear 
form on h by: 

[hi \h) = {h\ hi) := ai{h) i G I , h Gh , 

{h' I h") := h', h" G Kest ■■= Hrest ® F . 

Denote hy v : h — > h* the corresponding isomorphism. Denote by ( | ) the 

induced nondegenerate symmetric form on h*. 

The; Weyl group W = W{A) is the Coxeter group with generators ai, i € I, and 

relations 

= 1 {iGl) , (a,a,-r- = 1 
The rriij are given by: 








1 


2 


3 


> 4 




2 


3 


4 


6 


no relation between (jj and Uj 



The Weyl group W acts faithfully and contragrediently on h and h* by 

Gih := h — Q.i {h)hi i E I, h Gh , 

(TjA := A - X{hi) ai i G I, A G h* , 

leaving the lattices , H, Q, P, and the forms invariant. 
The set A^e := W { | i G / } C Q is called the set of real roots, and A^^ := 
>V{/ii| i G I } C Q"^ the set of real coroots. The map ai hi, i G I, can be 
extended to a W-equivariant bijection a i— > /Iq, = ^'^^|^"^ . 

To illustrate the action of W on geometrically, for J C 7 set 

Fj := { A G hg I X{hi) = for iGJ, X{hi) > for i G / \ J } , 
Fj := { A G m X{hi) = for iGJ, X{hi) > for i G / \ J } . 

Fj is a closed, finitely generated, convex cone with relative interior Fj, and 

Fj = U ^-^ • 

IDKDJ 

Call C := = { A G I A(/ij) > for i G I } the fundamental chamber, 
and C := F0 = { A G I X{hi) > for i G I } the open fundamental cham- 
ber. Set c:= Fi = Fi =_{ Xeh^l X{h,) = for ?; G / }. 

The Tits cone X := W C is a convex W-invariant cone with edge c, and funda- 
mental region C = IJjc/ ^J- '^^^ parabolic subgroup Wj of W is the stabilizer 
of any clement A G Fj, as well as the stabilizer of Fj as a whole. 
The set { aFj \ a G W , J Q I } gives a W-invariant partition of X. We call 
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crFj a facet of type J. 

Set P+ := P n C, and P++ :=PnC. 

The Kac-Moody algebra: The Kac-Moody algebra g = g(^) is the Lie al- 
gebra over F generated by the abeUan Lie algebra h, and 2n elements ej, /», 
(i e /), with the following relations, which hold for any i,j G /, /i G h: 

= , [/i, Gi] = ai{h)ei , [ft,, /i] = -at{h)fi , 

{adcif^""' Cj = (adfif^'''' fj =0 {i ^ j) . 

The Chevalley involution * of g is the involutive anti-automorphism determined 
by e* = /i, /* = Bi, h* = h, where i € I and h Gh. 

The space h and the elements Ci, fi, {i € I), can be identified with their images 
in g. The nondegcnerate symmetric bilinear form ( | ) on h can be uniquely 
extended to a nondegcnerate symmetric invariant bilinear form ( | ) on g. 
We have the root space decomposition 

g = ^ g„ where g^ := { a; G g | [h,x] = a{h) a; for all /i G h } . 
aeh* 

In particular g„ = h, g„^ = Wd, and g_„^ =¥f^,iGl. 

The set of roots A := { a G h* \ {0} | 0} is invariant under the Weyl 

group and spans the root lattice Q. We have Are C A, and Aim := A \ A^e is 
called the set of imaginary roots. 

A, Are, and Aim decompose into the disjoint union of the sets of positive and 
negative roots A^ := A n Q^, A^e^ := Are H Q^, Aim^ := Aim H Q"^, and we 
have A=^ = -A=f, A^^"^ = -A^e^, A^^^ = -Aim"^- 

The decomposition g = n~ ® h ® n+, where n='= := 0„£^± g«5 is called the 

triangular decomposition. 

For a real root a the subalgebra g„ © [g„, g_„] © g_„ of g, which is isomorphic 
to sl{2,¥), is denoted by s^. 

The derived Lie algebra g is given by g' = 0„g^ g„ © h', where h' is spanned 

by the elements hi, i E I. 

The category O, and the irreducible highest weight representations: 

The category O is a tensor subcategory of the category of g-modules. Its objects 
consist of the g-modules V, with the following properties: 

(1) V is h-diagonalizable with finite dimensional weight spaces. 

(2) There exist finitely many elements Ai, . . . , Am G h*, such that the set of 
weights of V, which we denote by P{V), is contained in the union IJiLi -^(-^i)' 
where D{Xi) := { A G h* | A < Ai }. 

The morphisms of O are morphisms of g-modules. 

For every A G h* there exists, unique up to isomorphism, an irreducible repre- 
sentation (L(A),7rA) of g, with a nonzero element va satisfying 

7rA(n+)t;A = , -KA{h)vA = Hh)vA (/i G h) . 
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It is is an object of O, and is called an irreducible highest weight representation. 
We denote its set of weights by P(A). 

Any such representation carries a nondegenerate symmetric bilinear form (( | )) : 
L(A) X L(A) F, which is contravariant, i.e. {{v \ xw)) — {{x*v \ w)) for all 
VjW € L{A), a; G g. This form is unique up to a nonzero multiplicative scalar. 

The Kac-Moody group: To construct the Kac-Moody group call a represen- 
tation {V, tt) of g admissible if: 

(1) V is h-diagonalizable with set of weights P(V) C P. 

(2) ■7t{x) is locally nilpotent for all x e g^, a G Are- 

(Note: If the generalized Cartan matrix is degenerate, then this definition is 
slightly different from 'integrable', because we demand P{V) C P. This guar- 
antees, that we can integrate the full Cartan subalgebra h to an algebraic geo- 
metric torus.) 

Examples arc the irreducible highest weight representations {L{A), tta), A e P+, 
and the adjoint representation (g , ad). 

We denote by Oadm the full subcategory of the category O, whose objects are 
admissible modules. Every object of this category is isomorphic to a direct sum 
of irreducible highest weight modules L{A), A G P+. 

Let G be the free product of the additive groups g^ , a G A^e, and the torus 
IIom((P, (F^ , •)). Due to (1), (2), and the coproduct property of G, we 
get for any admissible representation (V,7r) a homomorphism tt : G — > GL(V), 
mapping Xa G g^, to exp(7r(xQ,)), and e G Hom(P, F^) to an element t7r(e), 
defined by 

U{e)vx := e{X)vx , vxeVx, Xe P{V) . 

Let N be the intersection of all kernels of homomorphisms tt' correspond- 
ing to admissible representations (V,7r'). The Kac-Moody group is defined as 
G := G{A) := G/N, and due to its definition tt : G ^ GL{V) factors to a 
representation 11 : G ^ GL{V). Corresponding to (g , ad) we get the adjoint 
representation Ad : G — ^ Aut{g). 

By composing the injection of g^ into G with the projection onto G we get 
an injective homomorphism exp : g^, ^ G, its image Ua is called the root 
group belonging to a G A^e- Similar we get an injective homomorphism t : 
Hom(P, F^ ) G, its image denoted by T. Identifying if^zF"" with Hom(P, F^ ), 
the torus T can be described by the isomorphism 

where this)vx := s^^'^^vx, vx G Fa, A G P{V). Set U^s) := t^,(s), i = 
1, . .., 2n-Z, .s G F^. 

The derived group G', which is identical with the Kac-Moody group as de- 



fined in |K,P 1|, is generated by the root groups Ua, a G Are- We have 



G — G' y> Trest, where Trest is the subtorus of T generated by the elements 
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ti{s), i ^ n + 1, . . . , 2n - I, s e ¥^ . 

The Kac-Moody group acts faithfully on 0AeP+ ^(^)' ^^'^ 2n~i 
The Chevalley involution * : G — s- G is the involutive anti-isomorphism deter- 
mined by 

exp(a;Q)* exp(a;* ) (xq e , a e Are) , t* := t {t e T) . 

It is compatible with any nondegenerate symmetric contravariant form (( | )) 
on any of the modules L{A), A e P+, i.e., {{v \ gw)) = {{g*v \ w)) for all 
V, w e L{A), g eG. 

The Kac-Moody group has the following important structural properties: 

1) Let a G A^g and Xa G gc X-a G g_c<, such that [xcX-q] — ha- There 
exists an injective homomorphism of groups 

: SL(2,F) ^ G 

with 4>a(^^ ^ ^ := exp(sa::Q) , 0q ^ ^ ^ ^ := exp(sa;_a), s G F^, its 
image denoted by Gq. 

2) For s G F^ set na{s) — (f>a ^ q ^'^^ short set rii(s) := na^is), 
i = 1, . . . , n. Note that ~ <^ct ^ q i ^ — f^a(s)"-Q(l) 

Denote by the subgroup generated by T and ^^(1)7 « G A^e- Let be 
the subgroups generated by T and a G A^g, and let U"^ be the subgroups 

generated by a G A^^. 

Then ( G , {Ua)aeArc 1 T ) is a root groups data system, compare |K,P 3|, Propo- 
sition 4.7, and [Ti 2|, leading to the twinned BN-pairs B^, N, which have the 
property B+DB^ = B+ ON = B^ ON = T. The Weyl group W can be identi- 
fied with the common Coxeter group N/T by the isomorphism k : W — > N/T, 
which is given by K{aa) := na{l)T, a G Are- 

In particular the twinned BN-pairs lead to the Bruhat and Birkhoff decompo- 
sitions: 

G= MsVi?* ^,^5) = {+,+),{-,-),{+,-), {-,+) 
aew " ' ^ ' 

Bruhat Birkhof f 

We denote an arbitrary element n G N with K~^{nT) = cr G W by rio-. If 
(V, tt) is an admissible g-module, its set of weights P{V) is W-invariant, and 
n^Vx = Ka, a G PiV)- We have n^Uan-^ = U^a, a G Are- 

3) The standard parabolic subgroups 

pf = B^WjB^ , JCI , 
admit the Levi decompositions 

pf ^ GjK (U^)^ - 



12 



Here Gj is the group generated by the groups U±aj , j ^ J, and by T. This 
group coincides with the intersection n PJ . The groups {U'')'^ are the nor- 
mal subgroup of J7^, or of {Pj)^ , generated by J7a, a £ A^g \ j Z aj. They 
coincide with no-eWj (^U^a^^ . 

UsuaUy the upper indices + of all these groups are omitted. 

We set Nj := GjHN. This group is the group generated by the elements ^^(1), 
j G J, and by T. 

The algebra of strongly regular functions: The irreducible lowest weight 
module L*{A) of lowest weight —A can be realized as the submodule 0agp(A) i^W^) 
of the full dual module L{A)* of i(A), A e h*. 

For A G P+, w g i(A), and £ L*{A) call the function /^^ : G ^ F given by 
fcfivig) ■— 4>{gw), 5 G G, a matrix coefficient of G. The algebra F [G] generated 
by all such matrix coefficients is called the algebra of strongly regular functions 
on G. 

F [G] is an integrally closed domain, and admits a Peter and Weyl theorem: 
Define an action of G x G on F [G] by {{g, h)f ) {x) := f{g^^xh), g,x,h G G, 
/ G F [G]. Then the map 0Agp+ i*(A)®L(A) ^ F [G] induced by 00u J^^, 
is an isomorphism of G x G-modules. 

Restricting the functions of F [G] to G' resp. Trest we get the algebras F [G'] 
resp. F [Trest], the first identical with the algebra of strongly regular functions 
as defined in | K,P 2| ] , the second the classical coordinate ring of the torus Trest ■ 
F [G] is isomorphic to F [G'] F [T^est] by the comorphism of the multiplication 
map G' X Trest ~^ G. 

Substructures: For 7^ J C 7 the submatrix Aj := {aij)ij^j of A is a general- 
ized Cartan matrix. There exist saturated sublattices H{Aj) C H ^ P{Aj) C P, 
with {hj)j(zj C H{Aj), {aj)je.j Q P{Aj), giving an optimal realization for Aj. 
We have P = P{Aj) ® H{Aj)^, and the projections of A^, j G J, onto P{Aj) 
give a system of fundamental dominant weights of this optimal realization. 
The corresponding Kac-Moody algebra g{Aj) embeds in g. The root lat- 
tice Q{Aj) identifies with the sublattice Qj := J^jej'^'^j '^^ Q- The Weyl 
group W{Aj) identifies with the parabolic subgroup Wj. The set of roots 
A{Aj) identifies with Aj := A n Qj, and the set of real roots A{Aj)re with 
{Aj)re '■= AreHQj = Wjlckj | j G J}. (To simplify the notation we sometimes 
identify the set of roots {aj | j G J} with J.) The Kac-Moody group G{Aj) 
embeds in G in the obvious way. 

The images of these embedding depend on the choice of the sublattice H{Aj), 
only Hj :— Z-span{ hj \ j G J } is uniquely determined by Aj. 
The images of g(Aj)', G(Aj)' are independent of this choice, and denoted by 
gj, Gj. It would be more consequent to write gj and G'j instead of gj and 
Gj, but to simplify the notation we omit the prime. 

The coordinate ring F [G(A,/)'] identifies with the restrictions of F [G] on Gj. 
(A similar statement for F [G(ylj)] is not valid.) 

Note that we have gj = ®aeAj Sa © hj, where hj is spanned by the elements 
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hj, j G J. {Gj , (C^Q)ae(A7)rc ! Tj) is a root groups data system, where Tj is 

the subtorus of T generated by the elements tj(s), j G J, s e F^. 

We denote by the subalgebras of gj corresponding to n{Aj)^ ^ and by 

the subgroups of Gj corresponding to U{Aj)^, and set Tj k Uf. 

We set Nj := Gj D N. This group coincides with the group generated by the 

elements j G J, and by Tj. 

To simplify the notation of many formulas, it is useful to set g0 := {0}, 

G0 := Tg := := iV(, := {1}, and F [G^] := F 1. 

The case of a decomposable generalized Cartan matrix: If the gener- 
alized Cartan matrix is decomposable, A = Aj-^ © Aj^ , we can decompose the 
optimal realization and Hrest- Set 

HRest 1 { X £ HRest I at{x) = for all z G /2 } , 

HRest2 ■= { X e HRest \ a.i{x) = for all i G /i } . 

We get optimal realizations of Ai, A2 by: 

Hi Hi, © H^esti , := { h, \ i e h } , 

Pi { A G P I \{h) = ioT heH^} , Ui := { a, \ i e h} . 

H2 := Hi, e Hrest2 , := { /i, I i G /2 } , 

P2 ■■= { A G P I A(/i) = for /i G Hi } , n2 := {a, \ teh} ■ 



These satisfy: 



H = Hi®H2 , u 
p = Pi e P2 , n = Hi u n2 , 



The Weyl group W{Ai) can be identified with the parabolic subgroup W/; of 
W, I = 1, 2, and we have W W/^ x W/j. If X^, denotes the Tits cone of the 
optimal realization of Ai, i — 1,2, then X = Xai © Xa^- 

The Lie algebra gj := ®QgA/ Sq ® span(i?i), the subgroup Gi generated by 
J7q, a G (A/. )re and by the elements tu, h € Hi, and the coordinate ring F [Gi] 
obtained by restricting the functions of F [G] onto Gi are in the obvious way 
isomorphic to g[Ai.), G{Ai.), and F[G(yl/J], i ~ 1,2. Furthermore we have 
g = gi ® §2, G = Gi X G2, and F [G] = F [Gi] ® F [G2]. 



1.2 A generalization of afRne toric varieties 

An affine toric variety is a normal afRne variety containing a torus T as a dense 
open subset, together with an action of T on the variety, that extends the natural 
action of T on itself. Alternatively an afhne toric variety can be described as 
a normal algebraic monoid, whose unit group is a torus T . It is determined by 
a rational convex polyhedral cone, and can be constructed, starting with this 



cone, |Fu|, [Ne 



In this subsection we state a generalization of this construction, starting with a 
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not necessarily finitely generated rational convex cone. The results are similar 
as in the classical case, but some of the classical proofs can not be generalized. 



The proofs of these results, as well as some other results, can be found in [M 1|. 
Here we omit the proofs, because certainly they can be also found elsewhere in 
the literature. 

Rational convex cones and saturated submonoids of a lattice 

Let L be a lattice of finite rank. Define the real vector space V :— L ®i M . 
Identify L with L ®\. 

For a subset Y C V denote by c'c (Y) / cc (Y) / span (Y) the pointed convex cone 
/ convex cone / subspace generated by Y. The property "finitely generated" is 
defined in the obvious way. 

Definition 1.1 A pointed convex cone / convex cone / subspace X of V is 
called rational, if there exists a subset of L, which generates X. 
A subsemigroup / submonoid / subgroup S of L is called saturated, if for all 
X G L, and n G N we have: nx £ S => x E S 

The next theorem generalizes the Lemma of Gordan and its converse: 

Theorem 1.2 The following maps are inverse, and respect the property "finitely 
generated": 

{ rational pointed convex cones of V } { saturated subsemigroups of L} 

X ^ xnL 

cc{S) ^ S 

Similar things hold if "rational pointed convex cones", "saturated subsemigroups" 
and "cc (S) " are replaced by 

"rational convex cones", "saturated submonoids" and "cc{S)" , 
or if they are replaced by 

"rational sub spaces" , "saturated subgroups" and "span(S)". 

We call X and S associated, if they correspond under these maps. 

Let X C V he a. convex cone. Recall the definitions of faces of X, the face 
lattice Fa{X), exposed faces of X, the relative interior, and the hull of faces. 



[Elo|. We denote a convex cone of the form X — F, where F is a face of X, a 



dual face of X. 

The algebraic forms of these definitions can be imitated for submonoids of a 
lattice: 

Let M be a submonoid of L. A subset C M is called a face of M, if F is a 
submonoid, and M C F a semigroup ideal, (i.e., Af \ F = 0, or else M \ F 
and M\F + M C M\F). 

The set of faces of M, denoted by Fa{M), together with the inclusion of faces, 
is a lattice. The intersection of faces coincides with the lattice intersection. 
If F is a face of M, then the set of faces of F is given by 

Fa{F) = { G e Fa{M) \ G C F } . 
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Define the relative interior of F as 

riF := F\ \J G. 

GeFa{F),GjtF 

The set { riF | F e Fa{M) } is a partition of M. F is the smallest face con- 
taining an clement m G riF. 

The hull of a face F is the group generated by F, which is equal to F — F. Note 
that F = Mr\{F-F). 

We denote a monoid M — F, where F is a face of M, a dual face of M. Its set 
of faces is given by 

Fa{M -F) = {G-F \ Ge Fa{M) with G^F} . 



Theorem 1.3 

a) Let X CV be a rational convex cone. Every face, relative interior of a face, 
hull of a face, and dual face of X is rational. 

b ) Let M C H be a saturated submonoid. Every face, relative interior of a face, 
hull of a face, and dual face of M is saturated. 

c) Let X and M be associated. By the maps corresponding to cones and sub- 
monoids of the last proposition, the face lattices {Fa(X),C) and {Fa{M),C) 
are isomorphic. The relative interiors, hulls, and dual faces of associated faces 
are associated. 

Our main example will be the Tits cone X, which is a P-rational convex cone 
in hg. Its faces will be given cxplicitcly. Because of their facetial structures, it 
is also not difScult to verify the last theorem directly. 

Generalized afiine toric varieties 

Let M be a saturated submonoid of a lattice of finite rank. Let IK be a field, 
\K\ = oo. The set of homomorphisms of monoids 

M := Hom((M, + ), (K,-)) 

gets the structure of an abclian monoid, by multiplying the homomorphisms 
pointwise. The monoid algebra IK [M] is identified with the coordinate ring 
IK [M], identifying J2meM Cm'n with the function 

The monoid structure of M induces a coalgebra structure on IK [M] . M maps 
bijcctivcly to the K- valued points of K [M] = K [M], the inverse map given by 
restricting the IK- valued points onto M C IK [M]. 

We equip M with the Zariski topology induced by its coordinate ring. 
If M is a subgroup, then M = Hom(M, K) = Hom(M, K^) is a torus. 
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Proposition 1.4 Let M be a saturated submonoid of a lattice of finite rank. 
For F e Fa{M) set 

T{F) := |aeM a-\K'')=F^ . 

Let e{F) G T{F) he the element given by 

, , _ J 1 if m€ F 
e{t)m j if m&M\F ' 

1) T{M) is the unit group of M , E := { e{F) \ F € Fa{M) } is the set of 
idempotents of M , and we have M = T{M) E = ET{M). 

2) T{F) is a subgroup of M with unit e{F), isomorphic to the torus F — F, an 
isomorphism '■ F — F ^ T(F) given by 

The partition of M into T{M)-orbits is given by the tori T{F), F e Fa{M). 

For m € M denote by D{m) the principal open set {a G M | a{m) ^ 0}. We 
have 

W) = U ^(G) ' 

GeFa(F) 

D{m) = IJ T{G) where meriF . 

GeFa(M) ,GDF 

In particular, T{M) is principal open and dense in M. 

Remark: To use later, note that we get a surjective homomorphism of groups 
■■ M~^M T{F) by 

X / \/ \ f oi(m) m G F ,T^~ir^- 
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2 The monoid G and its structure 



To define the monoid G we need the faces of the Tits cone. In the following 
subsection we state the description of these faces, as well as some other results, 
which are used later to investigate the structure of G. 



2.1 The face lattice of the Tits cone 

Induced by the action on the Tits cone X, the Weyl group W acts on the face 
lattice of X, which we denote by {TZ{X),Q). In this subsection we describe 
( TZ{X), C ) together with its W-action. 

For 7^ C J we denote by 8°, resp. 0°° the set of indices corresponding 
to the sum of the components of Aq of finite, resp. nonfinite type. We set 
00 :=0°° :=0. 

Definition 2.1 A subset Q C I is called special if Q — 0°^ . 

Part 1 a), c), and 2) of the following theorem are due to E. Looijenga, [|Loo | , 



Lemma 2.2, and Corollary 2.3. Part 1 b) has been given by P. Slodowy in |S1 1 



Kapitel 6.2, KoroUar 2. An alternative proof can be found in [Ml]. 

For J C / set J-^ := { i ^ I \ aij = for all j G J }. Recall from the classifi- 
cation of the generalized Cartan matrices, that a set 7^ C / is special if and 
only if {E^ee^h,)n{-C'')^^D. 

Theorem 2.2 Let 9 be special and set i?(9) := 'Wq±Fq. 

la) R{&) is an exposed face of X. If Q ^ 9, then for every element c £ 

(E^ee^^O n (-^'') have 

i?(e) = Xn{ \Eh^ I A(c) = } , 
X C { A G /ij I A(c) > } . 

b) The relative interior of R{Q) is given by 

riR{e) = W0_L y 



euef 



e/=(e/)0 



c) We have span{RiQ)) = { A G /ir | X{h,) = for all i e Q }. 
2) The centralizers and normalizers of the W-action: 

ZwiRiO)) = {creW| aX = X for all Xe R{e)} = We , 
iVw(i?(e)) = { a e W I ai?(e) = RiQ) } = Weue^ • 

The next corollary is an easy conclusio n of part b) of the last theorem. Its first 
part has been given by P. Slodowy in (pO], Kapitel 6.2, KoroUar 3. 
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Corollary 2.3 Every face of X is W-conjugate to exactly one of the faces 
R{Q), 6 special. 

A face R is of the form R{Q), Q special, if and only if ri R fl C 7^ 0. 

Due to this corollary, every face R can be parametrized in the form R — aR{&) 
with an uniquely determined special set Q, which we call the type of R, and 
a G W. The element a is uniquely determined, if we restrict to the minimal 
coset representatives W^'^^ of W/Weue-L ■ 

Inclusion of faces can be rewritten into conditions involving the parametrisa- 
tions: 

Proposition 2.4 Let a, a' £ W, Q,Q' be special. The following statements 
are equivalent: 

i) a'R{<d') C aR{<d) 

a) e' 3 e and o-^g' e We±W0' 

Proof: H) ^ m)': Because (jR{Q) contains facets of type Q', we conclude 
G' 3 O. Comparing the facets of type 8', we find a' Fqi C cWq^Fqi ^ which is 
equivalent to ct^^ct' G Wq±Wb'. 

Hi) ^ i)': There exist ti G Wq±, T2 G We', such that a~^a' — T1T2. Because 
of 9' D e, we have Wq,± C Wq± and Fq, C Fe. Therefore 

cr"Vi?(e') = TiWe'^^e' ^ WQ±Fe = i?(e) . 

□ 

It turns out to be difficult to rewrite the intersection of faces into conditions 
involving the parametrisations. But there is the following easy case: If Q, 6' 
are special, then also 9 U 9' is special, and we have R{Q) n R{Q') = i?(9 U 9'). 

Some examples: 

1) If j4 is of finite type the Tits cone is a linear space, and we have Ti-iX) = {X}. 

2) If A is of afRne or strongly hyperbolic type, then TZ{X) = {c, X}, where c is 
the edge of the Tits cone. 

3) If A is of indefinite type, but not strongly hyperbolic, then it is not difficult to 
see, that there exist infinitely many faces. As an example consider the hyperbolic 
generalized Cartan matrix 



A = 



The form ( | ) restricted to hg has signature (1,2). The Tits cone X consists 
of one component of the open cone { A G hj^ | (A | A) < } together with all 




closed, P-rational, isotropic half-lines on the boundary, compare [F,F|, |S1 2| or 



[Mil 



The special sets are {1,2,3}, {1,2}, 0. The corresponding faces of X of these 
types are the edge c = {0}, every closed, P-rational, isotropic half- line on the 
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boundary, and X itself. 

The following two propositions are not difficult to prove, using the theorem, 
the corollary, and the proposition of above: 

Proposition 2.5 Let % ^ J <Z I . Identify the Weyl group W(v4j) with the 
parabolic subgroup Wj of W . The map 

Tj: n{XAj) ^ n{x) 

is an embedding of lattices, and has the following image: 

n{X)j -.^ {Re n{X) I R D i?(J°°) } 

= { TR{e) I e C J special , t e Wj } 
= { TR{e) I e C J°° special , t G Wj^ } 

We set TZ{X)q {X}. 

Propositi on 2 .6 Let A be decomposable, A — Ai ® A2. With the notions of 
Subsection the embeddings T/^ , T/2 are given by 

Ti^ : n{XA,) n{x) Ti, : n{XA,) ^ n{x) 

R ^ R + Xa^ ' R ^ Xa,+R ' 

and TZ{X) is the direct product of the sublattices TZ{X)j_^ and TZ(X)j^. 

2.2 The definition of the monoid G 

The Tits cone X is P-rational. The corresponding saturated submonoid X n P 
of P is related to the set of weights of the admissible highest weight modules 
L(A), A G P+, by 

U P{L{A)) = xnp . 



Definition 2.7 For a face R of the Tits cone X define a projection operator 



e(i?) £ Endi L(A) j 
\AeP+ / 



by e{R)v, := { 0' A ^ PnP ' ^ ^^^^'^ ^ ^ ^ ^ ' 

Denote its image by B(R), and its kernel by K{R). Set 

E := { e{R) \ R a face of X } , Esp := { e(i?(e)) | 6 special } 
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Remark: Fix A e Fj fl P, J C /. It is not difficult to check that e(i?) does not 
act as zero on L{A) if and only if the type of R is contained in J. 

The following proposition can be proved easily: 
Proposition 2.8 

1) E is in the obvious way a monoid isomorphic to {TZ{X) , fl). 

2) The monoid N acts by conjugation on E. Explicitely, let R be a face of the 
Tits cone X and n„ G N. Then 

ncje{R)n~^ = e{aR) . 

Furthermore n^B{R) = B{ijR), and nuK{R) = K{aR). 

The Kac-Moody group G acts faithfully on ®yYgp+ L{A). We identify G with 
the corresponding subgroup of End ( Q^f^p+ L{A) ) . 

Definition 2.9 G is the submonoid of End(^j^^p+ L{A)) generated by G 
and E. 

Remark: The elements of E are defined with respect to the Cartan subalgebra 

h of g. The monoid G does not depend on this choice: Because G acts tran- 
sitively on the Cartan subalgebras by the adjoint action, the set of projection 
operators defined with respect to gh. is gEg^^, {g e G). 

Some examples: There are the following easy cases, which could be checked 

directly from the definitions: 

1) If A is of finite type, then G = G. 

2) If A is of affine type, then G = {G' U {e(c)}) xi Trest- The element e(c) is the 
zero of the monoid G" U {e(c)}. 

3) If A is of strongly hyperbolic type, then G = GU {e(c)}. The element e(c) 
is the zero of the monoid G. 

If A is of indefinite type and not strongly hyperbolic, then due to the infinitely 
many faces of the Tits cone, the monoid G is much more complicated. 

Fix nondcgencratc contravariant symmetric bilinear forms (( | )) on all mod- 
ules L{A), A G and extend to a form on 0Agp+ L{A), also denoted by 
(( I )), by requiring L{A) and L{A') to be orthogonal for A ^ A'. 
It is easy to check, that the projections e{R), R G TZ{X), are selfadjoint. There- 
fore taking the adjoint gives an involution * of G, which extends the Chevalley 
involution of G. We also call this involution Chevalley involution. 

2.3 Formulas for computations in G 

The elements of G are given by expressions of the form 

gie{Ri) ■ ■ ■ gme{Rm)9m+i where ' ' ' '^^^^^ , m G N . (4) 
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It would be painful to investigate the structure of G working with expressions 
of long length m. The first thing to do is to look for some formulas, which allow 
to reduce the length of such an expression (m=l can be reached), and which 
allow to dec ide i f two such expressions give the same element. These are given 
in Theorem 2.15 , which is in essential of the following form: 

Let g,g' <eG and R, R' e n{X). Then: 



ge{R) = e{R')g' 



conditions on g, g' , R, R' 



To prove this theorem we first determine some normalizers and centralizers, 
which are also useful at other places. To see why they are important look first 



at Proposition 2.13 



Definition 2.10 Let V be a subspace of Q^^p+ L{A), and let Y be a sub- 
monoid of G. Set 



Ny{V) 
(V) 
(V) 

Zy{V) 



= { X <eY \ xV ^ V } , 

= { X (lY \ xV <ZV } , 

= { X C,Y \ xV } , 

= { X ^Y \ yv ^ V : XV — V } 



Remarks: Let y be a subgroup of G. 

1) If {V) or {V) is a group, then {V) ^ {V) = Ny (V). 

2) Denote by the orthogonal complement of V . If V^^ = V , then we have 

Because of B{R)-^ = K{R) and K{R)^ = B{R), we can take V = B{R), K{R). 



Theorem 2.11 Let R ~ tR{Q) be a face of the Tits cone, a G A^e- We have 

NuAB{R)) = M^JB{R)) = M^JB{R)) 

J7a if a £ t(A+ U WeeuWe-LO^) 



{1} else 



ZuAB{R)) - 



[/„ if aeT((A+ VWe^e^) UWee) 



{1} else 

Proof: If Xa e go and v^ £ ^(A)^ n B{R), then 



(expxa) v^ 



E 



fcGNo, /i+fca e P(A) 



To prove the theorem we have to investigate the half-strings (/i + NqQ;) n P(A) 
appearing in such sums. 

• At first we examine the strings (/i + Za) n P(A) with fi € -P(A) n R: 
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If a e span (i?) fl P then clearly: 

a-string through C RCi P . (5) 
If a ^ span (i?) n P then: 

a-string through /i 

{/^, /I — a, ... /i — ^(/ic()a} if ^J.{ha) > 
M if /i(/ia) = . (6) 

/i + a, . . . ^ - /l(/la)Q;} if fl{ha)<0 

As an example we prove the case /i(/iq) = 0, the other two cases are proved 
by similar arguments. Suppose there exists an integer z e Z \ {0}, such that 
IJ, + za £ X . Then also aa{p- + za) = ii — za £ X . Because i? is a face of X, 
and 

{fl + za) + (/I — za) = 2/i G i? 
we get fj, ± za Cz R. Therefore 

(/i + za) — (/i — za) = 2za € span (i?) , 
contradicting a ^ span {R). 
• Next we show: 

1) The following statements are equivalent: 

\£Rn%) ^ (M + Noa)nP(A)ci?nP 

ii) Either 

a G span (i?) n P . 
or 

a^span(i?)nP and V /i G P n P : fJ.iha)>0 . 

iii) aGT(A+ UWeeuWe^e^) . 

2) The following statements are equivalent: 

%G''prfp(A) ^ (A^ + Noa)nP(A) = M . 

ii) a^span(P)nP and V /i G P n P : fi{K)>0 ■ 

iii) a G t((A+ \ We^e^) U Wee) . 

Taking into account IJ^^ ^ P(A) = ATn P, the equivalence of 1 i) and 1 ii) can 
be read off from (0) and M. 



If 2 ii) holds, then also 1 ii) holds, and therefore also 1 i). To show 2 i) suppose 
there exist A G P+, /i G P n P(A), n G N, such that n + na e RCiP. Then we 
have a G span (P) n P, which contradicts 2 ii). 

If 2 i) holds, then also 1 i) holds, and therefore also 1 ii). To show 2 ii) suppose 
a G span (P) n P. Then we have for all fi £ RO P: 

fi — fi{ha)a = (Ta/i G span (P) n AT = P , 
CTq/j, + /i(ft-c<)a ^ fl £ R . 
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By using 2 i) and [Jf^^p+ -P(A) — X f) P, we conclude —fi{ha) < 0, ^J,{ha) < 0, 
and therefore ii{ha) = 0. We have shown that CTq, fixes every element of i?, and 
also every element of span (i?), which contradicts a G span (i?). 

It is sufficient to show the equivalence of 1 ii), 1 iii) and the equivalence of 2 
ii), 2 iii) only for R — i?(8). For these equivalences it is sufficient to show the 
following statements: 

a) aGWe0 ^ V /i e i?(e) n P : = . 

b) aGWe^e^ a G span(i?(e)) nP . 

c) aG A+ \(>Vee U We^e-L) <^=^ 

a ^ span(P(e)) nP and V /i G P(e) n P : n{K)>Q and 
3 G p(e) nP : n{K) > . 

a) is vahd due to We = Zy^{R{Q)) . To show b) note that 

We,We^ c Weue^ = A^w(i?(e)) = 7Vw(span (P(e))) , (7) 
where the last equality follows because for a G 7Vvv(span (P(0))) we have 

(jR{Q) = (crP(e) - crP(e)) nx = a {r{q) - r{q)) r\ x 
= {R{e) - R{Q)) n X = R{e) . 

By using 6"^ C span(P(e)) and (0), we find Wq^Q^ C span(i?(e)) n P. 

If Of G span(P(0)) n P, then CTq leaves span(P(0)) invariant. Due to (0) we 
find a G >V0ue-L(6 U 9"^) = WeeOWe±Q^. 

Suppose there exist a G We, « G 6, such that aai G span(i?(0)). Because of 
(0) we find aj G span(P(0)), which contradicts ai{hi) ~ 2. 

To c): We first show Due to b) we find a ^ span(P(8)) fl P. Because of 
a) there exists an elemen t ^ G P(9) n P such that /x(/ia) ^ 0. 
Note that due to |K,P 3|, Lemma 2.1, we have 

A+ \Weue-(eue^) = f| 77A+ . 

Therefore this is a Weue^ -invariant set of positive roots. For every ^ G P(9) n 
P there exist a G Weue^ ' A ^ H P, such that fi = and we find: 

Next we show '<^': Because of a) and b) we find a ^ WeQU We-L©'''- Suppose 
a G A- \ (Wee U We±&^). Then (-a) G A+ \ (We© U We^©^), and due 
to c) '=>' there exists an element /z G -R(©) nP, such that > 0. Inserting 

h^a — ~ha leads to a contradiction. 

• Now we can proof the first statement of the theorem. Because of Remark 1) 
following Definition 2.10 it is sufficient to show 

M^JP(P)) = {[^"^ aGr(A+UWe©UWe.©-) 
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Let a e t(A+ U WeOU We^O-L). We have to show the inclusion 'D'. If 
Xa e ga, e i(A)p C _B(i?), then 

(expa;„)w^ = 2_, "fcf ^'^ ' 

and due to the equivalence of 1 iii) and 1 i) we have -P(A) H (/^ + Noa) C _R n P. 
Therefore (expxQ,)^^ G B{R). 

Let a ^ r (A+. U We© U >Vei6^)- We have to show the inclusion 'C'. Because 
of the equivalence of 1) i) and 1 iii) there exist A G /i £ P(A) fl i?, such 
that P(A) n (^i + Noa) %Pr\R. 

Now Sq = go © [Saig-a] © g-Q is isomorphic to sZ(2,F), and there exists 
a decomposition of L{K) in a direct sum of irreducible, finite dimensional s^- 
modules, which are h-invariant. Because the a-string through /i is finite, there is 
a SQ,-modul V among these modules, such that the a-string through restricted 
to Vha gives the set of weights of V . 

Suppose there exists an element Xa G gQ\{0} such that exp(a::c<) e M^^ {B{R)). 
Then for v^&V f] L{K)^ \ {0} we have 

k 

B{R) 9 (expxa)?;^ = ^ "fcf ' 

fceNo, Ai+fcQ e P(A) — ' 

ei(A)^+fc„\{o} 

which is a contradiction. 

• The second statement of the theorem is proved similar to the first. Use the 
equivalence of 2 i) and 2 iii) instead of the equivalence of 1 i) and 1 iii). 

□ 



Theorem 2.12 Let R = tR{Q) be a face of the Tits cone X . We have: 

1) a) M^{B{R)) = {B{R)) = Nt {B{K)) = T. 
h) Zt[B[R)) = tTqt-^ . 

2) a) M^{B{R)) = M^{B{R)) = Nn {B{R)) = riVeue^^"'- 
h) Zn{B{R)) = riVer-i . 

3) a) M§{B{R)) = MS{B{R)) = Ng{B{R)) = tP^^^^t-^ . 
b) Zg iB{R)) = r (Ce K C/^ue" ) r'^ . 



Proof: Because of Remark 1) following Definition 2.10 we have to show la), 
2a), and 3a) only for My {B{R)). Because of 

(P(ri?(e))) = {nrB{R{e))) = UrM^ {B{R{e))) , 

Zy (P(Ti?(e))) = Zy (n,P(i?(e))) = n,Zy (P(i?(e)))n;i , 
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we can restrict to the cases R — R{<d), Y — T, N, G. 

Obviously la) holds. To lb): Write i G T in the form t = nil^r' ^ii^i) where 
s, e F^. Theni e Zt (S(i?(e))) if and only if H, s,^^''"^ = 1 for all A £ i?(e)nP. 
Because of i?(9) = {X e X \ \{hk) , fc e 6 } 3 A; for aU i ^ 6, this is equiv- 
alent to Si = 1 for alH ^ 0. 

To 2a): Let rto- G N. Comparing the decompositions into weight spaces, we 
conclude that n^B{R{Q)) C B{R{e)) is equivalent to aR{e) C R{e). Due to 
Proposition 2.4 this is equivalent to cr G Wquq-l. 

To 2b): Nq is generated by Tq and the elements ni{l) = exp(ei) exp(— /i) exp(ei), 
i e e. Due to lb) and Theorem ^J^ we get (S(i?(e))) D Nq. 
To show the reverse inclusion write ria G Zn {B{R{Q))) in the form 

Ua- — triij (1) • • • rij^ (1) where tET, a ~ <Ji-^ ■ ■ ■ ai^. G W reduced . 

Because fixes the weight spaces of B{R{Q j), we have a G Zw{R{Q)) ~ We, 

from which we conclude ii, . . . , G 0, compare [Hu|, Chapter 5.5. 

Because nij(l), . . . ni^{l), n^. are elements of the group Zjv {B{R{Q))), we get 

t G Zjv (B(i?(e))) n T = Zt (5(i?(e))) = Tq- 

To 3a): C/+ is generated hy Ua, a G A+ . Using Theorem 2.11 we get 

uB{R{Q)) = B{R{e)) foraU u e U+ . (8) 

Due to the Bruhat decomposition of G, an element g (z G can be written in the 
form g = unu with u,u E , n E N . Using and 2a) we find 

g eM§ {B{R{Q))) ^ n{uB{R{e))) C u-^B{R{Q)) <^ n G /^eue^ • 

= S(fl(e)) =B(R(0)) 

Therefore M§ {B{R{e))) = U+Nq^q±U+ = Peue^- 



To 3b): Gq is generated by Ua, a G ±0. By using Theorem 2.11 we get 

Ge C Zg{B{R{Q))) . 

The group [/©u©-^ ^j^g normal subgroup of Pq^jq± generated by the root 
groups Ua, a G A+ \(We6uyV0_Le-'-). Due to Theorem ^jT| these root groups 
are subgroups of the group Zq (_B(i?(9))), which is normal in {B{R{Q))) = 
PeuQi . Therefore we conclude 

C/eue^ C Zg{B{R{Q))) . 

Now let g G Zg (S(i?(e))). Because of Zg{B{R{Q))) C Ng (B(i?(e))) = 
PquO^ : because of the decompositions 

Geue^ = (Ge x Ge^) x (T/^jeue-'-j'T'rest) , 
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there exist elements X £ GeiT/^^QyQi-jTrest, y G GqV.U such that 5 = xy, 
and furthermore x = gy^^ G {B{R{Q))). 

We have to show x ~ 1. Because of C/+ fl = {1}, it is sufficient to show 
X, X* e Uq± . 

a) At first we show x G : Because of the Bruhat decomposition of GQj-T/^^QyQijTrest, 
we can write x as a product 

X = unaii where u, u G Uq± , ricr G iV0_LT7\(eue^)T'rest ■ 

By applying x on wa G L{A)a \ {0}, A e Fe n P, we get 

Comparing the components of the weight spaces we find 

n-aVA = VA . (9) 

Because we have crA = A for all A G FqCiP, we conclude a G We H Wq^ = {I}- 
Write TT-cr = TT-i G r/\(eyei)Trest7ei in the form 

ria = Yl ' G F"" , 

i^e,i=l,...2n-; 

and insert in (||). Since Afe G Fe fl P for aU fc G {1, . . . , 2n - \ 0, we find 

1 = Sfe for all A: G {1, . . . , 2n - /} \ e . 
Therfore we get = 1, and x = uu Cz Uq±. 

(3) To show X* G Uq± it is sufficient to show x* G Zg {B{R{Q))), because then 
we can apply a) to x* . 

Let V G B(i?(e)). Because of x G Zg (B{R[Q))), we find 

((x*?;-u I u')> = {{v\xv'~v')) = for all w' G -B(i?(e)) . 
We get x*z; - V G {B{R{&)))^ = K{R{Q)). 

Because of 3 a) we have x* G {Uq±)* C Ng (_B(i?(6))), and therefore we also 
get x*v-v e B{R{e)). 

Because B{R{Q)) and K{R{Q)) intersect trivially, we conclude x*v = v. 

□ 



Proposition 2.13 Let R, S be faces of the Tits cone. Let Y ba a subgroup of 
G, and y ^ Y . We have: 

ye{R) = e{S) ^ R = S and y e Zy {B{R)) . (10) 
e{R)y = e{S) ^ R = S and y e Zy {B{R))* . (11) 

ye{R)y-' ^ e{R) ^ y G Ay (B(i?)) n Ay. (S(i?))* . (12) 
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Remarks: 

1) For i? = Ti?(e) we get due to Theorem [2l^ : 



Y 


T 


N 


G 


Zy {B{R)) 




tNst-^ 




Ny nNy. iB{R))* 


T 







2) For R ~ S ^ R{&), and F = G this has been claimed by D. Peterson. 

Proof: We first show (]l^), then (|l^) follows by application of the involution 
* . Let ye{R) = e{S). The kernels K{R),K{S) of the two hnear maps are the 
same. Comparing the decompositions of K{R) and K(S) into weight spaces, we 
find P n (X \ i?) = P n (X \ S). Therefore R = S. 

Now ye{R) — e{R) is equivalent to ye{R)v = e{R)v for all v E 0AeP+ -^(^)i 
which is in turn equivalent to y G Zy {B{R)). 



Next we show show (12). The linear projections ye{R)y ^, e{R) are equal if and 
only if their images yB{R), B{R), and their kernels yK{R), K{R) are equal. 
This is eq uivale nt to y G Ny {B{R)) n Ny {K{R)), and by Remark 2) following 
Definition |2T0|, we get Ny {K{R)) = Ny- {B{R))* . 



□ 

Let 6 be special. Because of the Levi decomposition Peue^ — GeyQ^ k 
{7®^®^, and the decomposition Geue^ = (Ge x Gq±) xi T^°, where := 
2^/\(eue^)2T-est, we get the following decompositions: 

Peuex = (Ge^ x Tg°) x (Gq x C/«u«") , 
(Peue-)* = (GexC/«^«")%(Ge^ >.T^°) . 
The projections belonging to these semidirect products are denoted by 



P*0 ■ {Peue^y 

It is easy to see, that we have Pq 
^ ^ -Peue-L ri (Peue^)* — Geue-^- 



Gqi 
Gqi 



XI T, 



e 1 



X Tg 



o Pq o *, and Pq{x) — peix) for all 



Proposition 2.14 

//xePeue^ ^^en a;e(P(e)) = p0{x)e{R{e)) = e(P(e))pe(x) . 

//xe (Peue^)* then e(P(e))x = e(P(e))p^(a;) = p^(a;)e(P(e)) 
/n particular we have 

U+e{R{e)) - [/+,e(P(e)) - e(P(e))(7+, , 
e(i?(e))f/- = e(P(e))[/0, = [/Q,e(P(e)) . 
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Remark: D. Peterson claimed U+e{R{e)) C e{R{e))U+, and e{R{e))U- C 
i7-e(i?(e)). 

Proof: Write x £ Pqijq± in the form 

X = peix)a with a e Ge K [/^ue^ ^ ^^^^^ ^ G^^Tg" . 
By using ( [ic| ) and ( p^ of Proposition 2.13 we get 



xe{R{Q)) = pe(x)ae{R{Q)) = pe{x)e{R{e))pe{x)-\ pe{x) . 

= eWO)) =eWe)) 

Because of the decompositions C/+ = ?7eue-|- l/®^®^ and C/eue^ = t^e-i- ^ t^ei 
we havepe(C^^) = C^e^- 

The remaining equations follow by application of the involution *. 

□ 



The last two propositions are special cases of the following theorem, which 
is the main theorem for computations in G. In the next subsection we will see, 
that this theorem allows to reduce any computation in G to computations in G 
and n{X). 

Theorem 2.15 

a) Let x,y G G and 0,S special. The following statements are equivalent: 

i) xe{R{Q)) = e(i?(S))y . 

ii^ 8 = S and x £ Peue-L , V e (Peue-L)* with pe{x) = P^iy) ■ 

b) Let R be a face of the Tits cone, and Ua- £ N . Then 

n„e{R)n'^^ — e{aR) . 

Proof: b) has already been shown, and a). Hi) i)' is an easy consequence 
of the last proposition. For the reverse direction we show at first Q — 
Comparing the images of xe{R{Q)) and e{R{E))y we get 

xB{R{e)) = B{R{E)) . 

Write X in the form x = un^u with u,u £ £ N, and insert in this 

equation. Since U+ C Ng {B{R{e))) , Ng we find n^B{R{e)) = 

B{R{E)). Comparing the decompositions into weight spaces, we get cri?(9) fl 
P = R(E.) n p. From this follows 6 = 2. 

Now we can show the remaining statements of ii). Comparing the images and 
kernels of a:e(i?(0)) and e{R{Q))y, we find 

xB{R{e)) = B{R{e)) , K{R{e)) = y-^K{R{Q)) . 



Due to Theorem 2.12| and Remark 2) following Definition 2.1C , wc get x £ 



PgyQi, y £ (PgyQi)*. Uslug tfic last proposition and Proposition 2.13| we find 



pe(a;)e(i?(e)) = xe{R{Q)) = e{R{e))y = p^(j/)e(i?(e)) 
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V ' 

□ 

The next corollary is an easy consequence of the last theorem: 
Corollary 2.16 Let R, S be faces of the Tits cone X . Let x, y E G. Then: 
xe{R) = e{S)y => 3reW: S tR . 

2.4 The unit regularity of G 

For a monoid Af denote by its unit group, and by Ldem{M) its set of 
idempotents. M is called unit regular, if M = Ldem{M) = Ldem{M) . 

Theorem 2.17 

a) The Kac-Moody group G is the unit group of G. 

b) The set of idempotents of G is given by 

Idem{G) = { ge{R)g-^ \ geG, Re TZ{X) ] 

= { ge{R{Q))g^^ | geG, 9 special } . 

c) We have G — G E G — GEspG . In particular G is unit regular. 

Remark: P. Slodowy already guessed G = GEspG, D. Peterson claimed 
G = GEspG, and Idem(G) = { ge{R{e))g-^ \ geG, Q special }. 

Proof: 

• To prove c) it is sufRcient to show G C GEspG. Due to the definition of G, 
and the formula e{aR{Q)) — n„e{R{&))n^^ , an element of G can be written in 
the form 

gie{R{Qi)) ■ ■ ■ gpe{R{Qp)) where gi,. . . , gp e G , 9i, . . . , 9p special . 

We can transform this element in an element of GEspG by applying times 
the following step, which uses the Birkhoff decomposition of G, Proposition 2.14 , 
and Theorem 2.15| b) : 

e{R{Q))u-n„u+e{R{Q)) = pQ{u-)e{R{Q))n„e{R{@))pQ{u+) 

= p*Q(u^)e(^R(<d)C\aR{Q)^ncPQ{u^) = pQ{u^)nre{R{E))n:^^naPQ{u^) 
where e , e N , u+ G , and 9, 9 special . 

• Obviously we have (G)^ ^ G. To show the reverse inclusion let ge{R)h be a 
unit. Because (G)^ is a group containing G, we get 

e(i?) = g-' {ge{R)h) h-' e (G)^ . 
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Because of e{R)^ — e{R) we conclude 

e{R) = e{Rfe{R)-^ = e{R)e{R)-^ = 1 . 
Therefore ge{R)h = gh eG. 

• Obviously Idem(G) ^ { ge{R{Q))g^^ | g & G , 9 special }. To show the re- 
verse inclusion let ge{R{Q))h be idempotent. Then we have 

e{R{e))hge{R{e)) = e(i?(e)) . 

Using the Birkhoff decomposition of G, we can write hg in the form 

hg — vn„u with v G , G N , u E . 



To cut short the notation set p := pe, P* '■— Pe- Due to Proposition 2.14 and 
Theorem 2.15 b), we find 

e{R{e)) = e{R{e))vn^ue{R{e)) = p* {v)e{R{Q)) e{R{e))p{u) 

= p*{v)e{R{e)naR{e))n^p{u) . (13) 

Due to Corollary |]l| the faces i?(e) and i?(e) n aR{e) are W-conjugate. In 
particular they are of the same dimension. Because R{Q) ncri?(8) is contained 
in i?(8) these two faces coincide. We conclude R{Q) C aR{Q). Applying the 
same argument once more, we find R{Q) = aR{Q). Therefore a G 'Wquq±. 
Inserting in ([T^ ) and using Theorem 2.15 a), we get 

1 P{P* {v))p* (ricrpiu)) = p* {v)p* {na)p{u) . 

Now we have 

ge{R{Q))h = {gu-^)ue{R{e))vn^{gu-^)-^ 

= {gu-^)p{u)e{R{Q))p*{v)p*{n,)p{u)p{u)-\gu-^)-^ 
= {gu-')eiR{e)){gu-')-' . 

□ 

Remark: With part c) of the last theorem we have reached the description 
of the elements of G by expressions of the form (||) of short length. Using Theo- 
rem 2.15| we can decide if two such expressions give the same element. We have 



even reached more. Using the length reduction step given in the proof of c), we 
are able to compute the product of two such expressions. But we have to work 
with the projections pe , which can be difficult. 



2.5 The Weyl monoid W and the monoids T, 

In this subsection we first introduce and investigate the Weyl monoid VV, which 
plays the same role for the monoid G as the Weyl group W for the Kac-Moody 
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group G. It has similar structural properties as the Renner monoid of a reduc- 
tive algebraic group. In our further investigations we will see, that it is really 

the analogue of a Rcnncr monoid. 

The Weyl group acts on the monoid (7?.(X), n). The semidirect product 
'R-{X) xi W consists of the set 'R-{X) x W with the structure of a monoid given 
by 

{R,a)-{S,T) := {RnaS,aT) . 
It is easy to see that we get a congruence relation on TZiX) x W by 

(i?, ct) ~ (i?', a') : R ^ R' and a'a-^€Zw{R). 

We denote the congruence class of {R, a) by e {R)a. 

Definition 2.18 We call the monoid W := {Tl{X) xi W)/ ~ the Weyl monoid. 
It is easy to check, that we get embeddings of monoids 

■R{X) ^ VV W ^ W 

R H^. s{R)l ' a ^ e{X)a ' 

We denote the element e {R)l by s{R), and the image of "R-iX) by £. We 
identify W with its image in VV. 

Proposition 2.19 W is a unit regular monoid, with unit group W and set of 

idempotents £. 

Proof: Obviously e {X)a is a unit with inverse s{X)a~^. Now let e {R)a G 
(VV) ^ . Then there exists an element s {S)t e VV, such that 

e{X) = e{R)a-e{S)T = e{RnaS)aT . 

Therefore we get X = RdaS. Because X is the biggest element of {TZ{X), C), 
we conclude R = X. 

Obviously e (i?) is idempotent. Now let e {R)cr be idempotent. Because of 

s{R)a = {e {R)a){s {R)ct) = s{RnaR)a'^ , 

we find a^a~^ = cr G Zw{R). From this follows e {R)a = e {R). 
Now the unit regularity is obvious by the definition of VV. 

□ 

A monoid M is called an inverse monoid, if for every element m G M there exists 
a unique element m^"'" G M, such that m m"" m = m and m'"" m m™" = m*"^ . 
The map : M ^ M is an involution extending the inverse map of the unit 
group. 

Proposition 2.20 W is an inverse monoid. 
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Proof: It is easy to check that e (cr ^R^a ^ is an inverse of e {R)<t e VV. 
Furthermore the idempotents of VV commute. Due to [Howl, Theorem 5.1.1, VV 
is an inverse monoid. 

□ 

The following two propositions are not difficult to prove: 
Proposition 2.21 For J C I set £,j := { e {R) \ Re TZ{X)j }. Then 

Wj WjSj = £jWj 
is a submonoid o/W. For J, K <Z I we have Wj C Wk md only if J ^ K . 

We call Wj a standard parabolic submonoid of W, and every conjugate aWjcr^^, 
a G W, a parabolic submonoid of W. 

Proposition 2.22 VV acts faithfully on the Tits cone by 

iaeiR))X :^ {^^^ ^ , ^ , as (R) e W . 

The parabolic submonoid Wj is the stabilizer of any element of the facet Fj , as 
well as the stabilizer of Fj as a whole, J C F 

Next we introduce the monoids T and N. In our further investigations we will 
see, that T can be described as an affine generalized toric variety. 

Definition 2.23 Denote by T the monoid generated by T and E, and by N 

the monoid generated by N and E. 

It is not difficult to prove the following proposition, describing the structure of 
f and N: 

Proposition 2.24 T is an abelian inverse unit regular monoid with unit group 
T and set of idempotents E . 

N is an inverse unit regular monoid with unit group N and set of idempotents 
E . 

The Weyl group is isomorphic to N/T. There is a similar description for the 
Weyl monoid. We get a congruence relation on TV as follows: 

n ^ n' : <^=> hT = n'T <^=> n' G hT 4=> fi G h'T 

Set N/T := N/ In a similar way define f/T. 

Proposition 2.25 The monoid N/T is isomorphic to W by: 

K : VV ^ N/T 
ere (R) ^ n„e{R)T 

The set of idempotents SofWis mapped onto T/T. 
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Proof: To show that k is weU defined and injective let R — tR{Q), and R' G 
TZ{X). Because T is abehan, because of Theorem 2.13 (p^, and Zw{R) = 
tWbt^^, we find: 

n^e{R)T = fia'e{R')T 4^ 3teT : n-^n^de{R') = e{R) 
R ^ R' and 3teT: n^^h^d e tNqt^'^ 
^ R ^ R' and ct^V G rWer"^ ^ ae (i?) = a'e{R') 

Due to the last proposition, k, is surjective. It is a homomorphism of monoids 
because of K{e{X)) — T, and 



K{ae (i?) • reCS*)) 



K{aTe{T-^RnS)) = n<,^re(T-ii?n5) 
(n^e(i?)n^e(5))r = K{ae {R)) ■ nije {S)) 



□ 



2.6 Some double coset partitions of G 

In this subsection we determine for some subgroups of G easy representative 
systems of the corresponding double coset partitions of G. 

Proposition 2.26 We have 

G = ij Ge{R{Q))G . 

G special 



Proof: This follows by combining Theorem 2.17 c) and Theorem 2.15| a). 

□ 



Proposition 2.27 Let e G {+, -}. We have 

G = ij Ge{R)B' = ij B'e{R)G . 
Reuix) Reiz{x) 

Proof: Let Q be sp ecial. By usin g the Bruhat and Birkhoff decompositions of 
G, Proposition |2.14| , and Theorem 2.15 b), we find 



Ge{R{e))G = IJ Ge{R{e))B'n„B' = [j Ge{R{Q))n„B' 
= IJ Geia-^Rie))B' ^ [j Ge{R)B' . 

aew Rof type 6 

To show that the last union is disjoint, let Ge{aR{&))B'' = Ge{TR{Q))B'' . Then 
there exist elements g E G, b <E B'^ such that 

gnae{R{e))n^^b = nre{R{e))n:;^ . 
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Using Theorem 2.15| a), we conclude brir £ no-(-Peue^ )*■ Because of the gen- 



erahzed BirkhofF and Bruhat decompositions 

we get r E crWeue^ = (jNw{R{Q))- Therefore Ti?(e) = crR{e). 

Taking into account the previous proposition we have proved the first equation. 
The second foHows by apphcation of 

□ 

Theorem 2.28 There are the Bruhat and Birkhoff decompositions 
G = ij B'wB^ = ij U'hU^ , 

where {e,S) = (+,+), (-,-), (+,-), (-,+) ■ 

Bruhat Birkhof f 

Remark: D. Peterson claimed G = U^NU^. 

Proof: Let 8 be special. We de note by W^^^ the minimal coset representa- 
tives of W/yVeuQi. Due to [ |Hu[ , Section 5.12, and Lemma 3.11, they can 
be characterized by W®"^®^ = { a eW \ aa, e A+ for all i S 9 U 9^ }. 
Because of Af>v(i?(9)) = Weye^, the faces oiX, which are conjugated toi?(9), 
are of the form aR{Q), a G W^^^ . Due to the previous proposition we have 

G = y Ge{aR{e))B^ . 



Now we tr ansform the term Ge{(TR{Qj)B^ , using Proposition 2.15 , 2.14 , The- 
orem |1| b), the generalized Bruhat and Birkhoff decompositions for G, and 



the Bruhat and Birkhoff decompositions for Gq± : 
Ge{crR{&})B^ = Ge{R{Q))n-^ B^ = [j B'nrP0u0^e{R{e))n-^ B^ 

y B'nrGe^T^°e{R{e))n-^B' 

y B'nrU^^NQ±U^^e{R{Q))n-^B^ 

y B'nrU^^n-^nrNQ±e{R{Qj)n-^n,Ul^n-^ B^ 

= U'Ne{R{e))n-^U^ = [j U'hU^ . 
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Before we show that the last union is disjoint, note that the depth of A G -P(A) 
is defined as 

dj^{X) ht{A-X) e No . 

Let U^nre{aR{e))U^ = U''n^e{aR{Q))U'^ . Then there exist elements u S U", 
u G , such that 

e{aR{e))u-^ = n-^un^e{aR{Q)) . (14) 

Due to Theorem 2.15| a) we have ufijj G nr{(TPQijQ±(T^^). Taking into account 
the generalized Bruhat and Birkhoff decompositions 

G = ij U'x{aPe^e^a-') , 

we conclude 

Because of UAeP+ ^i-^) ~ X DP, we may choose an element A G P^, such that 
P(A) r\a}VQ±FQ 7^ 0. Note that this set is invariant under T~^rj. Furthermore 
choose an element A G (P(A) n crWe^-Fe ) such that 

dA(A) = min(rfA(P(A) n crWe^Fe)) if (5 = + , 
dxiT^^ri^) = min(^dA (P(A) n crWe^Pe )) if 5 = - . 
If we apply both sides of ([ij) on G L{h)x \ {0}, we get 
n~^uhjfVx = e{aR{Q))u^^v\ . 

Comparing the components of the weight space L(A)^-i,jAj we conclude that 
there exists a g G Qq such that 

T~^nX = X + q . (15) 

Because of the minimality of c?a(A) for 5 — +, and the minimality of d\(T~^rjX) 
for 5 = we find q = 0. Inserting in ( p^ ) we conclude 

T-^T] G aWea-^ ^ Zw(fTP(e)) . (16) 

Applying both sides of (^ on any G i?((Ti?(6))^, ^ G aR{0) fl P, we get 



e{aR{e))u-^Wf, = 



Comparing the components of the weight /i, taking into account ([T6|), we find 

G Zjv(P((tP(0))). Due to Proposition ^.IS we have 
nre{aR{e)) = fi,,e{aR{e)) . 

□ 
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2.7 Constructing G from the root groups data system 

The definition of the monoid G makes use of the admissible highest weight 
representations. In the following theorem we describe G, using only the root 
groups data system of G, and the monoid (7?.(X),n), which we identify with 
the isomorphic monoid E. 

Denote by G U the free product (= coproduct) of the monoids G and E. We 
identify G, E with their images under the canonical injections G ^ G Li E, 

E^GUE. 

Theorem 2.29 Let ~ be the congruence relation on G U E generated by the 
following relations: 

1) For every R e 7^(X) , n„ e N : n„e{R)n-'^ ~ e{aR) 

2) For every special set Q C I , x € Ua, a G Are-' 

a) If a G >Veue-L(0ue-L) : xe{R{e))x-'^ ~ e(i?(e)) 

b) If ae{AX\W&±e^)UWee : xe{RiQ)) ~ e{R{e)) 

c) If aG (A- \We^e-L)UWee : e{R{e))x ~ e{R{e)) 

Then G is isomorphic to {GU E)/ ^ . 

Proof: Let Q be special. At first we show that the following relations hold: 
a) For every x G Geue-L : xe(R{&))x~^ ~ e{R{Q)) 

/?) For every a; G Ge x [/eue^ . xe{R{e)) ~ e{R{Q)) 

7) For every x G (Gb t< J/®'^®'")* : e{R{e))x ~ e(i?(e)) 
6) For every x G Peue-^, V e (Peue^)* with p@{x) = Psiy): 
xe{R{e)) ~ e{R{e))y 

The relations a) are valid, because of 1), 2a), and the definition of Ggygx. 
An clement x G Gq k [/Que jg product of factors of the form 

(1) Ua with a e We© , 

(2) Ua^up^-'-Ua^up^-u^ ■u^^u~l^---u'^lu~l with ai,...amG 

A+ \ We^e^ , /3i, . . . /3„ G A+ n We^e^ , 7 e A+ \ (W©e U Wq^O^) , 
where G Us. To simplify the notation of the expressions (2), factors us 
belonging to the same root 5, at different distance from the central factor u-y, 
may be different. 

For an expression of the form (1), we have according to 2b): 

Wae(i?(e)) - e{R{Q)) . 
For an expression of the form (2), we have according to 2a), 2b): 

~ e(i?(e)) up,--- up^ -u-pl--- u-l = e{R{e)) . 

Therefore the relations /?) are valid. Similarly 7) follows from 2a), 2c). 

Using a), /3), and 7), the relations 6) are proved in the same way as Proposition 
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2.14 . 

Now we can show that [GU E)/ ^ \s isomorphic to G. Due to Theorem 2.11 



Proposition 2.13, Theorem 2.15 b), and the definition of G, there exists a sm^- 



jective homomorphism of monoids 

4) : {GUE)/ r-. -> G 
with (l){[x\) = X for all x G G, a; £ E. 



is also injective. As in the proof of Theorem 2.17 c), we can show 
{GlAE)/r^ ^ { [g][e(i?(e))][/i] I e G, e special } 
by using 5) and 1). Because of Theorem ^.15| a), and (5), we have 
ge{R{Q))h = ge{R{Q))h 
e = e and rfy'',p''''''\. with peir'g) = P*eChh-') 

^ [gMR{e))][h] = [gMRmm . 

□ 

Remarks: 1) The theorem allows to decide, if an (anti-)automorphism of G 



can be extended to an (anti-)automorphism of G, compare [M 1| for examples. 
2) The theorem indicates how to generalize the monoid G to groups with a 
system of root groups data, which have been defined in | Ti 2| | . 



2.8 The action of G on the admissible modules of O 

Recall that we denote by Oadm the full subcategory of O, whose objects consist 
of admissible g-modules. Due to the complete reducibility theorem, compare 
[g]. Corollary 10.7 or |Mo,Pi[ , Section 6.5, every module of Oadm is a sum of 



highest weight modules L{A), A G P+. Denote the corresponding category of 
G-modules also by Oadm ■ 

Proposition 2.30 

1 ) Every G-module V of Oadm extends to a G-module, the action of the idem- 
potent e{R), R G TZ{X), given by 

e{R)vx = I ilx\R ' «A G , A G P{V) . 

This extension is compatible with sums, tensor products, and submodules. 

2) Every G -homomorphism between two G-modules of Oadm is also a G-homo- 
morphism between the corresponding G-modules. 

Proof: Due to its definition the monoid G acts on i(A), A G P+. Choose a 
decomposition of V into a direct sum of such modules to define an action of G 
on V. This action is independent of the chosen decomposition and it is given in 
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!)• 

Let V, W be two G-modulcs of Oadm- We have P{V), P{W) C X n P. If i? is 
a face of X, we find for v\ G V\, G W^: 

I i-D\ \ <y,i iu\ \ \ v\® Wf, if A e -R and R 
(e(i?)uA) <8) (e(i?)w^) = 1 p ' 

vxi^Wij, if X + ji € R 
eZse 



e(-R)(vA®w^) • 



Therefore the extension is compatible with tensor products. 

Let (f) : V W a, G-homomorphism. For 2) it is sufficient to show <p ° = 

e{R) o (j), which can easily be checked on the weight spaces of V. 

□ 



Proposition 2.31 The monoid G acts faithfully on ' L{Ai). 

Proof: Let i G {n+1, . . . , 2n—l}. The modules {L{Ai), tta, ) and Aj), tt-aJ 
are one dimensional. By checking on the elements of G and E, which generate 
G, it is easy to see, that for every x € G we have 

T^Aiix) = c{x) id^i^f^.) where c(a;) G , 

and furthermore 

For i G {n + 1, . . . , 2n - /} and G N we define L(Ai)®(-"') := L(-Ai)®"*. 

For A G P+ we define L(A)®o := L(0). 

Now let x,x' G G such that T^Aiix) = iTKi{x') for all i = 1, . . . , 2n — I. An 
element A of P"*" is of the form 

A = ^ nii Aj where mi, . . . , m„ G No and m„+i, . . . , m2n-i G ^ • 

The module <S)-Zi L(A,)®'"' is an module of Oadm- Its submodule generated 
by 0i"i^'(-^(Ai)Aj®"** is an irreducible highest weight module of highest weight 
A. Because of the last proposition we find 7rA(a;) = 7rA(a;'). 

□ 



2.9 The submonoids Gj (J C /) 

Let ^ J C /. Choose an optimal realization for the generalized Cartan 
submatrix Aj, consisting of saturated sublattices H{Aj) C H and P{Aj) C P, 
such that 

{hj)jej QH{Aj) and {aj)j^j C P{Aj) . 
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We have P = P{Aj) © H{Aj)^. Denote by qj : P ^ -P(^j) the corresponding 
projection. 

We have an embedding of groups 

G{Aj) ^ G . (17) 

Due to Proposition ^.5| we also have an embedding of lattices TZ{Xaj) TZ{X), 
which induces an embedding of monoids 

E{Aj) ^ E , (18) 

whose image we denote by Ej. Our aim is to show, that the embeddings (|l7|), 
( p^ induce an embedding of the monoid G{Aj) into G, and to describe the 
part Gj of the image, which is independent of the chosen sublattices H{Aj) 
and P{Aj). The results of this subsection will be used later. 

The next proposition is well known. 

Proposition 2.32 Let A G P+, and regard the g-module L{A) as a g{Aj)- 
module. 

1 ) Define an equivalence relation on P(A) hy 

X : <^===> A — /.t G Qj . 

For every equivalence class C, the space Vc ■— ^^^^(j L{A)\ is an admissible 
g{Aj)-module of the category 0{g{Aj)). 

In particular the g{Aj)-module L{A) decomposes in a direct sum of admissible 
irreducible highest weight modules. 

2) The g{Aj)-module 

Lj{A) := U{n-)L{A)A 

is an admissible irreducible highest weight module of highest weight qj{A). Set 
P{Lj{A)) := { A G P{A) I Lj{A) n L{A)x ^ {0} }. Then 

Lj{A) ^ L(A)a 

XeP{Lj{A)) 

is the weight space decomposition of Lj{A), where L{A)\ is the weight space of 
weight q,j{X). 

The module Lj{A) is an isotypical component o/ VjA] • 

Definition 2.33 Let IJ) ^ J C L 

Gj is the monoid generated by Gj and Ej . 
Nj is the monoid generated by Nj and Ej. 
Tj is the monoid generated by Tj and Ej. 

Set G0 := iV0 := f g := := { e{X) }. 



40 



Remarks: 

1) Similarly to Proposition 2.25 we have VVj ^ N j /Tj 



2) It is easy to show that we have 

G = Gl-A Trest , N = Ni^ Trest , f ^ f I X Tr, 



Proposition 2.34 Let (0 ^ J C I . The embeddings i\l Tj ) and (jlSj ) induce an 
embedding of G{Aj) into G. Restricted to G{Aj)j, this embedding is indepen- 
dent of the chosen sublattices, its image given by Gj. 



Proof: Due to Propositions 2.32 and 2.30, the monoid G{Aj) acts on L{A) 



A G P+. It is easy to check, that this action is compatible with the embeddings 
(pT[), jl^). Therefore we get a morphism of monoids 

G(AJ) ^ G . (19) 
Note that the elements of Gj act as identity on the modules L{Ai), i — n + 



1, . . . , 2n — /. Due to Proposition 2.31, the monoid Gj acts faithfully on the 



sum 0-g^i(A,;). Therefore G{Aj)j acts faithfully on Lj{Aj), and the 

restriction of the morphism ( [l9| ) to G{Aj) j is injective. Obviously the image of 
G{Aj)j is given by Gj. 

Because T{Aj) acts faithfully on ®Agp+ L{A), we also get an embedding of 
T{Aj) into T. Denote by Trest, j the image of T{Aj)rest- 

The morphism ( p^ ) maps G{A.j) — G{Aj) j xi T{Aj)rest onto GjTrest,j- It is 
easy to check, that we have Gj xi Trest, j- Therefore the morphism is injective. 

□ 



Corollary 2.35 Let % ^ J <Z L 

a) The unit group and the set of idempotents ofGj are given by 

(Gj)>< = Gj , Idem{G.,) = { ge{R)g-^ | 5 G Gj , i? £ n{X)j } . 

We have Gj — GjEjGj. In particular Gj is unit regular. 

b ) There are the Bruhat- and Birkhoff decompositions 

Gj = \J B^jwB'j , e,6e{ + ,-} . 

w G VVj 

Proof: The statements of the corollary can be proved easily for G/, by using 



the corresponding statements for G, and Remark 2) following Definition 2.33. 
Now the statements for Gj follow from the last proposition. 

□ 
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Proposition 2.36 Let $ ^ J C_ I . The monoid Gj has a zero if and only if J 
is special. In this case e(i?(J)) is the zero ofGj. 

Remark: By using G = G/ xi Trest, we conclude that G has a zero if and only 
if A is nonsingular and has no component of finite type. In this case the zero is 
given by e(c), where c = {0} is the edge of the Tits cone. 



Proof: Due to Proposition 2.34 it is sufficient to prove this proposition only 
for G/. 

Let / be special. Then the face R{I) coincides with the edge c of the Tits cone. 
We show that e(c) is the zero of G/, by checking this for G/ and E: Due to 



Proposition 2.13| we have Gie{c) = e(c) = e{c)Gj. Because of i? fl c = c, we 



have e(i?)e(c) = e(c) = e(c)e(i?) for all R e 7^(X). 

Now suppose that z is the zero of G/. Due to the last corollary, z is of the form 
z = ge{R{Q))h^ with g,h ^ Gi and Q special. Because z is the zero we get 



z = g ^zh ^ = e(i?(8)). Wc also have T/z = z. Due to Proposition 2.12 we 
get Ti C Te, from which follows Q ~ I. In particular / is special. 

□ 

Now we can give the normalizers and centralizers of the highest weight spaces 
of the admissible highest weight modules, which we will need later at several 
places. 

Proposition 2.37 Let J C /. For A e Ci Fj we have: 

a) N^{L{A)a) = BWjB . 

b) Z^{L{A)a) = U-'GjXfJJ-' = UNjXtJJ , where 

{ ni=l,...,2n~i,i^J^i(«0 e T/VJ^rest ]\i=l, ...,2n-lAlfLJ '^'i^^''^ ^ } ' 

Proof: The proofs of a) and b) are similar, using Ng{L{A)a) = BWjB = 
UNjU and Zg'(L(A)a) = UNjX/JJ. As an example we proof a): 
Due to the Bruhat decomposition of G an element g ^ G can be written in 
the form g — un„e{R)u, where u, u & U, Ua & N, and R e TZ{X). By using 

A e Fjooujo C ri{R{J°")) we find 

g(L(A)A) - L{A)a ^ n^e{R)L{A)A = L{A)a ^ 

Ae R and n^L{A)A L{A)a R ^ R{J°") and e Nj . 

□ 

Set L^{A) :— L(A)a, A e P+. Later we will also need the following proposition. 

Proposition 2.38 Let A e P+ and J C I . Then IJ-^ fixes the points ofLj{A). 

Proof: The case J = is obvious, let J / 0. Choose ua G L{A)a \ {0}. Due 
to the definition of Lj{A), it is sufficient to show the following statements: 

So : UVA — VA for all u G U'^ . 

Sn, n G N : uxi ■ ■ ■ XnVA — Xi ■ ■ ■ XnVA for all u G U'\ xi, . . . , a;„ G Hj. 
The statement 5*0 is valid. Now the induction step from 5„ to Sn+i, n G Nq: 
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Fix an element u G U'' . Let xi,..., a;„ G n^. Let m G N and yi G g^. , 
ft G (A,/)~ , i = 1, . . . , m. For ^1, ... , t,„ G F set 

:= exp(tiyi) • • ■exp(t,„2/,„) G Pj . 

Because is normal in Pj, we have . . . , tm)~^ uu{ti, . . . , fm) G C^"^ ■ 
Using the induction assumption, we find 

Uu{ti, ...,t^)xi- --XnVA 

= u{ti, . . . , tm)u{ti, . . . , tm)~^uu{ti, . . . , • • ■ x„i;a 

= . . . , tjn) Xi - ■■ X„WA . 

Because the j/i, . . . , act locally nilpotent, the left and right side of this equa- 
tion is polynomial in ti, . . . , tm- Since |F | = oo, the coefficients of the monomial 
ti ■ t2 ■■■■ tn on the left and on the right are equal. We get 

Uyi - ■ - yTTiXl - ■ - XnVA = yi - ■ - VrnXl - ■ - XnVA . 

This equation is also valid, if we permute yi, . . . ym- We conclude 
[yi [2/2 •• • [y m—l: ym] ' ' ']] ^1 ' ' ' ^n^A 

= [yi[y2---[yni-i,ym]---]]xi---XnVA ■ 

The Lie algebra nj is generated by g^, j3 G (Aj)^^. Therefore we get 
uyxi---XnVA ^ yxi---XnVA for y, . . . , a;„ G . 

□ 



2.10 The monoid G for a decomposable matrix A 

Let the generalized Cartan matrix A be decomposable, A ~ Ai^ © Ai^ . Choose 
optimal realizations i?i { hi\ i G /i }, Pi 3 { | i G /i } a nd H 2 3 { /li | « G 



P2 3 { ai I i G /2 } of Ai-^ and A/^ as described in Subsection 1.1. Recall that 
F = © F2 and P = Pi ® P2. 



Due to Proposition 2.34 we get embeddings of G(A/j) and G(A/2) into G. De- 



note by Gi and G2 its images. 
Proposition 2.39 We have G = Gi x G2. 

Proof: The Kac- Moody algebras g(A/j) and ^{Aj.^) embed into g. To simplify 
the notation wc identify these Kac-Moody algebras with its images. Similarly 
we identify G{Ai^) and G{Ai^) with Gi and G2. 

If Li{Ki) is an irreducible highest weight module of ^{Aj.) of highest weight 
Ki £ Pi, i ^ 1, 2, then 

Pi(Ai)0L2(A2) (20) 
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is an irreducible highest weight module of g = g{Ai-^)Q)g{Aj2) of highest weight 
Ai + A2. 

Because of P+ = © , all admissible irreducible highest weight modules 
of g are obtained in this way. 

We have G = G'(A/JG(A/J, and due to Proposition ^ we have E = E{Ai^)E{Ai^). 
Now let gi e G(A/J, 512 e G(A/J, and ei e E{AiJ, 62 £ i^l^/a)- The elements 
(71(72, and 6162 act on a decomposable element wi V2 of the module ( pO| ) by 

ffi52(wi®f2) = 51^1 32^2 , eie2(wi (8) W2) = eiWi (g) 62^2 ■ 

From this follows easily, that the elements of G(A/j ) commute with the elements 
of G(Ar,) in G, and G = G(a7;^)G(A^). 

Now let 51, G G{AiJ and 32,52 ^ ^(A/J, such that 51^2 = ffl52- Regarding 
this equation on the modules Li(Ai) (g) £2(0), Ai G P^ , we find 51 = 5^. Simi- 
larly we get §2= 92- 

□ 
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3 An easy algebraic geometric setting 



In this section we develop an easy, infinite dimensional algebraic geometry anal- 
ogous to elementary algebraic geometry, generalizing the topologized coordinate 



rings of i(A), and of the Kostant cones G{L{A)\), A € P+, given in K,P 2 |, 
Section 3A. 

This algebraic geometric setting is useful, because the monoids, coordinate rings, 
and Lie algebras, which are obtained by generalized Tannaka-Krein reconstruc- 
tions, fit into this context in a natural way. For an example you may look at 
the next section. 

There is a technical point. In the next section, we characterize the monoid, 
which is obtained by a generalized Tannaka-Krein reconstruction from the cat- 
egory Oadm and its category of restricted duals, as a Zariski closure G in a very 
big space. We have G C G, and one of our main aims in Section || is to show 
equality. But this is a long way. We have to work with G before we really know, 
that G is closed. For this reason we have to formulate our algebraic geometric 
concepts also for nonclosed varieties. 

Most proofs in this section are easy, or parallel to elementary algebraic geom- 
etry. They are omitted except the proofs of some propositions, which will be 
used later in central position. Some more details can be found in |M 1 1 . 



In this section K denotes a field with |K | =00, and all vector spaces are vector 
spaces over K . 



3.1 Varieties and pnc- varieties 
The category of (pnc-)varieties: 

The category of (pnc-)varieties is a full subcategory of the category, whose 
objects are topological algebras K [A], consisting of K- valued functions defined 
on a set A ^ 0, K endowed with the discrete topology, a basis of neighborhoods 
of the zero given by a filter of ideals J^a , (which means a filter in the lattice of 
ideals of K[A]). 

A morphism of two such objects (A, K [^4], J^^i), (B,K[B], Tb) is a map : 
A ^ B, such that the comorphism 0* : K [ _B ] ^ K [ A ] exists and is continuous, 
i.e., (r)-' (^a) C Tb. 

In our notation we emphasize the filter of ideals more than the topology, because 
some of the following constructions involve rather operations with the ideals of 
the filter than with the sets of the topology. 

The varieties of our algebraic geometry are constructed as follows: 

Let V he a vector space, V* its dual, and X C_ V* a subspace, which separates 
the points of V. 

The algebra generated by X gives a coordinate ring Kx[l^] on V, which is 
isomorphic to the symmetric algebra in X. The filter of ideals J-y is given by 
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the filterbase of ideals 



{ I (U) I U a finite dimensional subspace of K } , 

wliere I{U) denotes the ideal of functions of Kj!f [V] vanishing on U. 

A set ^ A C y is equipped with a coordinate ring together with a filter of 
ideals by restriction: 

K[A] := Kx[V]\a , {/U| leTy} ■ 

Denote by Specm IK [ A ] the set of 1-codimensional ideals of IK [ A ] , and define 

F-SpecmIK[A] := JF4 n Specm IK [ A ] . 

(If IK is endowed with the discrete topology, these ideals are the kernels of the 
continuous homomorphisms of algebras from IK [ ^4] to IK .) We have a bijective 
map 

A F-SpecmIK[y4] 
a H-s- -fj(a)U ' 

where A is the Zariski closure of A, and /^(a) the ideal of functions of IK [A] , 
which vanish in a. In particular the map 

A i^-SpecmIK[A] 
a !—>■ I A {a) 

is bijective if and only if A is Zariski closed in V. Due to this fact, the following 
definitions are meaningful: 

Definition 3.1 An algebra of functions topologized by a filter of ideals iso- 
morphic to such an object (A,'K[A],J^a) is called a pnc-variety. It is called a 
variety if A is Zariski closed, ("pnc" means "possibly not closed".) 

Remarks: 

1) Due to the filter of ideals every pnc-variety can be completed to a variety. 

2) If V is of infinite dimension there are many possibilities to choose a subspace 
X ofV* , which separates the points of V, and therefore there are many possible 
coordinate rings of V. This flexibility will be of great importance. 

The situation is different if we restrict to a finite dimensional subspace U of V. 
Because X \u separates the points of U, there is only the possibility X\u= U*, 
and K [U] is the classical coordinate ring of U. The topology on IK [U] is discrete 
because of I{U) \ u = {0} G J-u- 

A map between two discrete topological spaces is always continuous. Therefore 
the category of varieties includes the category of the classical afline algebraic 
varieties. 



46 



Tangent spaces and tangent maps: 

Define the tangent space of a (pnc-)varioty (A, K[A], Ta) at a point a S ^4 by 

TaA := {(5eDeraK[A] | ^I^Ta - /C kernel (5 } . 

(If K is endowed with the discrete topology, these are the derivations in a which 
are continuous.) 

If (j4, K [ (B^^\B\,Tb) are pnc-varieties, a G A, and (ji : ^ — > B is a 
morphism, we get a linear map, the tangent map at a, by: 

Ta4> •■ TaA T^(a)B 

S ^ 5 o (p* 

Example: Let F be a vector space, and (K Kx[l^], .?V) the variety given by a 
subspace X CV* , which separates the points of V. 

The tangent space TaV aA, a & V can be identified with V by means of the linear 
bijective map V TaV , which assigns to an element v G V the derivation 

SyGTaV defined by 

f{a + tv) = f{a)+tSM) + 0{f) , tGK, f eKx[V] . 

In this way, the tangent space TaV is independent of the chosen point separating 
subspace X CV*. 

Various constructions: 

It is not difficult to see, that the following constructions do not leave the category 

of (pnc-)varictics: 

1) Substructures: Let {B,K[B],J^b) be a pnc- variety and a & A C B . 
The pnc- variety {A, K[A],J^a) is defined in the obvious way by restricting the 
functions of K [ B ] onto A. If B is a variety and A is Zariski closed in B, then 
A is also a variety. 

The inclusion map t : A — > B is a morphism, and its tangent map Tat : TaA ^ 
TaB is injective with the image 

Tai{TaA) = {SGTaB\ kernel S D Ib{A) } . 

(Here Ib{A) denotes the vanishing ideal of ^ in K [B] .) 

2) Products: Let {C,K[C],J^c), {D,K[D],J^d) be (pnc-)varieties, and c G 
C, d € D. The algebra IK [C] (g) IK [D] topologized by the filterbase of ideals 

{ (7c 18) 1 , 1 O /r.) I Ic &:Fc, Id &J^d} 

(the bracket ( ) stands for "the ideal generated by") gives in the obvious way 

a (pnc-)varicty (C x D,K[C x D], Tcxd) on C x D , which is, together with 
the projections pre, pro, the product of (C, K. [C],J^c) , {D,K [D],.Fd) in the 
category of (pnc-)varieties. 
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The map Tcprc x Tdpm ■ T(^c,d){C x D) — > TcC x T^D is bijective. ExpUcitely, 
the inverse of Sc & TcC, 5d € T^D is determined by 

{{TcWc^TdprD)-\5c,5d)){f®l) = S^if) , f €K[C] , 
{{nprcxTdprD)-\5c,Sd)){l^g) = 5M , g€K[D] . 

3) Principal open sets: Let (A, K [A],^^) be a (pnc-)variety and 5 e IK [ A]\ 
{0}. The localization K [ A]^ topologized by the filter of ideals 



{ I I gJ^a} , where 



gU 



f€l,n€No 



gives in the obvious way a (pnc-)variety {D{g),K [D{g)], J^jj(^g)) on the principal 
open set D{g) := { a £ A \ g{a) 7^ }. 

The inclusion map j : D[g) ^ A \s a morphism, and for a G D{g) the tangent 
map Taj : Ta{D{g)) — > TaA is bijective. Its inverse map is given explicitely by 

Some propositions: 

The following two propositions on products and principal open sets of subvari- 
eties will be important later: 

Proposition 3.2 

1) Let Ai, . . . , A^. be sub-pnc-varieties of a pnc-variety B. Let m : Ai x 
. . . X Aj. B he a surjective map, such that for every i G {1, 2, . . . , k} 
and for every element ai G Ai, there exist elements aj E Aj, j ^ i with 
m{ai, . . . , tti, . . . , Ofc) — ai. Suppose further that the comorphism m* : K [B] — > 
IK [Ai] (8) ... ® IK [Ah] exists and is surjective. 

Then m and m* are bijective, andm~^ is a morphism of pnc-varieties. 

2) Let Ai, . . . , Ak be varieties, B a pnc-variety, and <f) : B ^ Ai x . . . x Ak a 
bijective morphism with bijective comorphism cj)* . Then B is also a variety. 

Proof: 

To 1): Clearly m* is injective, because m is surjective. To show the injectivity of 
m let ai,a'i G Ai, . . . , ak,a'h G A/., such that m(oi, . . . , a/j) = m{a'i, . . . , aJ.). 
Let i G {1, . . . k}. For all / G IK [Ai] we have 

f{ai) = ((m*)-^(l(g)...(g)l(g) 0l(2)...0l))( m(oi, ak)) = f{a'i) . 

i-th place = m(a'i , aJ.) 

Because IK [Ai] separates the points of Ai, we get Ui = a'i- 

It remains to show that is a morphism. Due to the definition of the filter of 
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ideals for the product of the pnc-subvarieties, it is sufficient to show for I G J^b 
and i G {1, . . . , fc} the inclusion 



({m-y)~\l) 



2 I\Ai (8)1(8). ..(8)1 

i-th place 



Let Ti : Ai ^ B he the inclusion map, and define := pri o m ^ : B ^ Ai. 
Because of aj o rj = id we find 

r*(J) = ((a,or,)*)-i(r;(/)) = ((r*)-Mr*(/))) 
= («:)-!(/) + (a*)-i(kernelT;) . 

^ V ' 

= {0} 

Using this equation and the definition of , we get 
(m"^)*(^l(8)...l(8) I\Ai (8)l...(8il) 

i-th place 

= (m-i)*(pr*(T*(/))) = a*[{a*)-\l)) C 7 . 

To 2): We have to show that the map B i^-SpecmK [B] is surjective. Let 
J G i^-Specm K [B] . Because ^ is a morphism we have 

e F-Specm(K[^i](8)...(8)]K[Afc]) . 

Ai X . . . X Ak is a variety because Ai, . . . , A^ are varieties. Therefore there 
exist ai £ Ai, . . . , Qk & Ak such that 

Applying </>* on both sides we get J = Ib {<j)~^{ai, . . . , a^)). 

□ 



Proposition 3.3 Let {B,K[B],Tb) be a variety and g &K[B]. Let A C B 

be a sub-pnc-variety, such that A — B. 

If (Da (sU) ,IK [i'A (sIa) is a variety, then we have Da{9\a) = 

Db{9). 

Proof: We only have to show Da (5U) ^ DB{g)- It is easy to see that the 
map 

X -^1-^ 
5" (sIa)" 

is a well defined, surjective homomorphism of algebras. It is injective because 
of A = B . (j) identifies the filter of ideals J^Osig) ^^id -^DaCsIa) > therefore 



49 



also F-SpecmK[DB{g)] and F-SpecmK [DA{g\ a) ] ■ 

Now let X G Dsig)- Because -0^(5 U) is a variety, there exists an element 
y G DA{g \a) such that 

<i> {lDB{g)ix)) = lDA{g\A){y) ■ 

Applying 4'~^ on both sides we find IuB(g){x) = lDB(g){y)- We conclude 
x = y e DA{g\A)- 

□ 

Let y be a vector space, and (V, Kx[y], J-'v) the variety given by a subspace 
X CV*, which separates the points of V. Let a G A C V. 

• The Zariski closure of A is given by A = V (/ {A}) . 

• Identify T^A , TaA with a subspace of TaV using the tangential maps of the 
inclusions, and identify TaV with V using the example of above. Then 

rri-A rr A / I X fi (5t, the derivatiou of ToV 1 

TaA = TaA ^ ■{ V eV \ dy [I [A)) = 0, u i • 4. f ■ 

[ belongmg to f . J 

If the vanishing ideal / (A) of A in Kx[y] is not known, but the coordinate ring 
K [ A ] is known very well, then nevertheless the Zariski closure and the tangent 
space can be determined: 

Proposition 3.4 We have: 

a)A={vGV\3(3y€ Alg-Hom{K[A],K) V/ e X : = f{v) } . 

Furthermore for all v,v' £ A : = (3yi <^=^ v = v' . 

h)TaA = TaA = {v&V\ 3e^G DeraK[A] V/ G X : e„ (/U) = f{v) } . 

Furthermore for all v, v' G TaA : Cy = ey> -4=^ v = v' . 

Proof: We only show a), the proof of b) is analogous, v G ^ is equivalent 
to I (A) C I{v). This is equivalent to the fact, that the evaluation map 
(3y : Kx [V] ^ K in u factors to a homomorphism of algebras py :K[A] — »• K , 
with /?„(/ U) = M) = f{v) for all / G X . 

If /3„ = then v = v', because X separates the points of V. If v = v', then 
Pv = Pv', because X \a generates the algebra K [ A]. 

□ 



3.2 WeaLk (pnc-) algebraic monoids 

Let M be a monoid, and let (M, K [M],Tm) be a (pnc-)variety, such that for all 
m € M the right and left translations r^, Im are morphisms of (pnc-)varieties. 
We get an injective linear map 

*i : TiM Der{K[M]) 



50 



by := Hl*m.f ), / e K [M], m e M. Its image is given by 

Similarly, we get an injective linear map 

■■ TiM Der{K[M]) 
by {^r{S)f){rn) := d{r^f), / € K [M], me M. Its image is given by 

{..Der(KlM,)| ^J^^' "l^I^lViS' ] ' 

We call (M, K [M],Tm) a weak (pnc-)algebraic monoid, if the images of and 
are Lie subalgebras of Der{K \M\), and if the Lie algebra structures on T\M, 
obtained by pulling back, are opposite. 

The tangent space TiM equipped with the structure of the Lie algebra, which 
is obtained by pulling back by is called the Lie algebra Lie(M) of M. 
A morphism of weak (pnc-) algebraic monoids {M,'K.[M],!Fm), {N,'^\N\,J^n) 
consists of a homomorphism of monoids (p : M —>■ N, which is also a morphism 
of the (pnc-)varieties. The map 

Lie{<j)) := Ti<j) : Lie{M) Lie{N) 

is a homomorphism of Lie algebras. 

Let {M,K[M],J^m) be a weak (pnc-)algebraic monoid with an involution of 
monoids * : M — > M, which is also an isomorphism of (pnc-)varieties. This 
involution induces an involution * of the algebra K [M] by f*{m) f{m*), 
/ e M. [M], m G M. It is easy to check that we also get an involution * of the 
Lie algebra Lie{M) hj 6* := 6 o * , 5 & Lie{M). 

Examples: In the following examples a dot • marks the place where the argu- 
ments of a function have to be put in. 

1) Let F be a vector space, and {V, Kx[V],J^v) the variety given by a subspace 
X CV*, which separates the points of V. 

For an endomorphism (j) -.V denote by (jf -.V* ^ V* its adjoint map. We 
get a subalgebra of End{V) by 

Endx{V) := { G End{V) | (/>*(X) C X } . 

Equip Endxiy) with the variety structure given by the point separating sub- 
space 

XEnd ■= span { fav ■■= ct{-v) \ a € X , V eV } 

of {Endx{V))*. It is not difficult to check, that Endx{V) together with the 
concatenation of linear maps is a weak algebraic monoid. 

By the identification o{TiEndx{V) with Endx{V), the Lie algebra Lie{Endx{V)) 
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identifies with the Lie algebra associated to the associative algebra Endx{V). 

2) Let {V , {{ I )) ) be a vector space together with a nondegenerate symmetric 
bilinear form, charM. ^ 2. Then 

X := {/„:=((H •)> \VGV} C V* 

is a subspace of V*, which separates the points of V. The weak algebraic 
monoid (Endx(T^),IK [Endx{V)], TEndxiv)) of the last example coincides with 
(Adj ) , K [ Adj {V) ] , J^Adjiv) ) defined by 

Adj{V) := {(l)eEnd{V)\ The (( | )) -adjoint map (/)* e i;nd(V) exists. } , 
^Adjiv) ■■= spa,n{ f := {{v \ ■ w))\Adj{v) \v,w gV} C {Adj(y))* . 

The adjoint map * : Adj — > Adj is an involutive isomorphism of the varieties. 

We omit the definition of an action of a weak (pnc-) algebraic monoid. But 
note that for every v €V the map tjjy : Endx{V) V defined by tpvift^) '■= 
is a morphism. 
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4 A generalized Tannaka-Krein reconstruction 



The category Oadm of admissible g-modules generalizes the category of finite 
dimensional representations of a semisimple Lie algebra, keeping the complete 
reducibility theorem. In this section we associate to Oadm and its category of 
restricted duals a monoid with coordinate ring, as well as the Lie algebra of 
this monoid, by a generalization of the Tannaka-Krein reconstruction. We show 
that this monoid can be identified with a weak algebraic monoid. Because of 
this result, we can use the algebraic geometric methods developed in the last 
section to determine this monoid and its Lie algebra. In the next two sections 
we show, that the monoid can be identified with G, and its Lie algebra can be 
identified with the Kac-Moody algebra g. 

The generalized Tannaka-Krein reconstruction is not restricted to this particular 



example, and we will investigate this reconstruction in detail in |M 4|. But this 
example is special for the following reasons: There is a complete reducibility 
theorem for Oadm- The restricted duals have nice properties. The Kac-Moody 
algebra is generated by elements, which act locally finite on all modules of Oadm,- 
Furthermore a dense part of this monoid, the Kac-Moody group, has already 
been investigated. Also the restriction of the coordinate ring of the monoid onto 
the Kac-Moody group has already been investigated. 

Oadm is a tensor category. To two g-modules V, W of Oadm we can assign a 
direct sum I^ © and a tensor product V ® W, which are both modules of 
Oadm- We also choose an one-dimensional module Vq of Oadm, on which g acts 
trivially. 

The category of restricted duals of Oadm is obtained in the following way: 
Let {V, TTv) be a g-module of Oadm- Its restricted dual V^*) is defined as a linear 
space by 

:= C V* . 

xeP{v) 

It separates the points of V. For every x G g the dual map 7ry(x)* -. V* ^ V* 
of Trv{x) -.V^V restricts to a map irvix)''*^ : V^*'' — > V^*\ which we cah the 
restricted dual map. In this way y^*^ gets the structure of a g°P-modulc. 
For every g-homomorphism (j) : V W of Oadm, the restricted dual map 
: ^ exists, and is a homomorphism of g°P-modules. 

Now let V, W be g-modules of Oadm- Then in the obvious way we get linear 
embeddings 

y(*)©M^(*) {V®Wy , y(*)®iy(*) ^ {V(E)W)* . 

Because the weight spaces are finite dimensional, and because of the conditions 
on the set of weights of the modules of Oadm , the images of these embeddings 
coincide with (V ® W)^*^ and {V (g) WY*\ 

Forgetting the g-module structure of the objects of Oadm, a natural transfor- 
mation of the resulting category of linear spaces and linear maps consists 
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of a family of linear maps 



m = {mv € End{V) )y^Qfa 
such that the diagram 

y rnv y 

w w 



commutes for all objects V, W , and all morphisms (j) : V ^ W . The natural 
transformations form a set, because the isoclasses of O^^^ form a set. 
Induced by the algebras of endomorphisms End{y), V G Cadm' 
natural transformations gets the structure of an associative F-algebra with unit, 
therefore also the structure of a Lie algebra. 

It is trivial to check the next proposition: 
Proposition 4.1 The set M of natural transformations 
m = {mv & Endy(,){V))y^fg , 

^ adm 

which satisfy the properties 

(1) mv®w = n^v for all objects V, W, 

(2) mv^w = mv <Simw for all objects V, W, 

(3) mvo = idvo , 

is a submonoid of the monoid of natural transformations of ■ 

Remarks: 1) M is the biggest monoid acting reasonably on the modules of 
Oadm, compatible with the duals. We know already, that the monoid G embeds 

onto a submonoid of M . 

2) Recall that my G EndvM {V) means the restricted dual map my 
F^*^ exists. In this way F^*^ is a module of the opposite monoid M°p. 

3) It is easy to check, that the following generalization of (1) holds: Let Vj, 
j G J, be objects of Cf^m' such that 0jgj Vj is also an object of O^^^. Then 
we have 

"^e.e^V', = mv, . 

jeJ 

The next proposition describes the coordinate ring F [M] of the monoid M. For 
(j) e V^*\ and V gV define a function f^y : M — > F, the matrix coefficient of (/) 
and V, by 

f,pv{'m) := (j){mvv) , m G M . 
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Proposition 4.2 1) The set 

¥[M] := { I <^eyW,^ey, ygof^^} 

is a subalgebra with unit of the algebra of functions on M. It separates the points 
of M . Left and right multiplications with elements of M induce comorphisms 
of¥[M]. 

2) The monoid M°p x M acts on the algebra F [M] by 

{{nil, 1712) f ){m) f{mimm2) , / G F [M] , mi,m2,mGM. 
We get an M°'^ x M-equivariant linear isomorphism 

L(A)(*) (g) L{A) ^ F [M] 
AeP+ 

by assigning (j)®v the matrix coefficient f(j,v, </> € L(A)(*\ v G L{A), A G P"*". 
Proof: 

a) Let V, W be objects of and a : V —>■ W axi isomorphism. Since the 
monoid M consists of natural transformations, we have 

Ua{v) = faMWv for all (/) G W^*^ , VGV . 

In particular the image of the map V'^*^ F ^ F [M] , which assigns (j)iSiv the 
matrix coefficient f^y, depends only on the isomorphism class of V. 

b) Next we show the properties of the set F [M], which arc stated in 1): 

Let V, W be objects of Of^^, and ^; G w G H^, </) G V'^*^ and V e W^*\ 
Because of the properties (1) and (2) in the definition of M we have 

f<t>v "1^ ftl^w — ftpi^iilru^w ) f(l>vftpw ~ f(l>(Si'ip V0W • 

Because of property (3) wo have 

= <t>{v) 1 , G V^*^ = V^ , v€Vo . 

Let m, rh E M, and suppose /(to) = /(to) for all / G F [M]. Then for every 
object V of we have (j){mvv) = (j){fh,vv) for all <^ G V''*\ v gV. Because 
V^*^ is point separating on V, we find my — my- 

The left and right translations induce comorphisms, because foTvGV,(j>G V^*\ 
V an object of O^^^, we have 

^mf<t>v — fm^*\^)v 1 '^mf<t>v — f(t>mv(v) ■ 

c) We get a linear map 

$M : L{Af*^ ® L{A) F [M] 
AeP+ 
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by assigning (j) ®v the matrix coefficient f^y, (j) e L(A)(*', v G L{K), A e P+. 
This map is surjective: Let V be an object of Ca^,„- Due to the complete re- 
ducibility theorem, Theorem 10.7, there exists an isomorphism a : V 
Ql^^j L{Aj), where S P+. Let w £ F and e V^*\ Since a^*) : 0^.^^ L(Aj)(*) 
y*^*) is bijective, there exist an element ^ e -^i-^j)^*^ such that (j) = 

a(*)(i/'). Due to a) we find 

fctiv — f a'-''> {tp) V ~ fipa{v) ■ 

This matrix coefficient is an element of the image of <&m- 

Denote by ■ 0agp+ L{A)^*'> ® L(A) ¥ [G] the isomorphism of the Peter 
and Weyl theorem for the algebra of strongly regular functions F [G] . Obviously 
we get a linear map res : F [M] F [G] by restricting the functions of F [M] 
onto G. Because of $g = res o the map is injective. 

The monoid M°p x M acts by homomorphism of algebras, because of (mi , TO2)/ = 
(^mi ° <«,)(/)' / G IF The M°P X M-equivariance is obvious. 

□ 



Corollary 4.3 //we identify the Kac-Moody group G with the corresponding 
subgroup of M , we have: 

• The Kac-Moody group G is Zariski closed in M . 

• The algebra of strongly regular functions F [G] is isomorphic to the coordinate 
ring F [M] by the restriction map. 

2) The coordinate ring F [M] is an integrally closed domain. In particular AI is 
irreducible. 

Remark: In this way, the algebra of strongly regular functions is really the 
coordinate ring of the monoid M. 

Proof: With the notations of the proof of the last proposition, the restriction 
map res = $g ° $m is bijective. From this follows part 1) of the corollary. 
Since F [M] is isomorphic the algebra of strongly regular functions, part 2) 
follows from the properties of the algebra of strongly regular functions. 

□ 

The next Proposition gives the Lie algebra Lie{M) of (Af, F[M]), and the 
adjoint action of the unit group on Lie{M). 

Proposition 4.4 Let Lie{M) be the set of natural transformations 
X = {xv ^ Endy(.){V))y^^fa 

which satisfy the following properties: 

(1) xv(sw — xv ® xw for all objects V, W. 

(2) xv(^w = xv ® idw + idv "Xi xw for all objects V, W . 

(3) XV, = Qvo ■ 

(4) There exists a derivation 5x ■ F [Af] in 1, such that 5x{fct,v) ~ (pixyv) 
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for ancf>GV^*\v€V,V €Ol^^^. 
Then Lie(M) is a Lie subalgebra of the Lie algebra of natural transformations 
^adm- group of M acts on Lie{M) by conjugation. 

Remarks: 

1) The Lie algebra Lie{M) is the biggest Lie algebra acting reasonably on the 
modules of Oadrm compatible with the restricted duals, and with the coordinate 
ringF[M]. 

2) Clearly we want to have the compatibility condition, that the Lie algebra of 
natural transformations, corresponding to the Kac-Moody algebra g, is a sub- 
algebra of Lie{M). We will show in the last section that we have equality. 

Proof: Let x, y € Lie{M) and m e . It is trivial to check, that (1), (2), 

and (3) are also valid for [x,y\ and mxm~^. 

Note that statement (4) is equivalent to the statement: 

(4') There exists a derivation G -Der(F [M]), such that 6x{f(t>v) = f<j>xvv 
for all cP e V(-*\ V gV,V eOadm- 
The derivation Sx is the left invariant derivation of F [M] corresponding to dx- 
lix,y € Lie{M), then [5x, 6y\ € Der(¥ [M]) has the properties of (4') for [x,y]. 
For m € the comorphisms l^, of the left and right translations are 

isomorphism of algebras. If x G Lie{M), then Sx ol'^o rj!^_i has the properties 
of (4) for mxm~^. 

□ 

Recall the definition of the weak algebraic monoid Endx ( 0a£p+ L{h) ) , where 
X = 0y^£p+ i(A)(*^ C (0A^£p+ L(A))*, given in the last section. It is easy to 
check, that 

gr-Endx ( L(A) J 
\AeP+ / 



G Endx i(A) 
\ AeP+ 



</.(L(A)) c L(A), AeP-t 



is a closed submonoid. We will work with this weak algebraic monoid for the 
following reason: Equip i(A) with the variety structure given by i(A)(*^ C 
L(A)*, A e P+. Then gr-Endx (0a6P+ H^)) acts on L(A), A e P+, but 
Endx (0Agp+ -^(A)) does not act. 

Recall that we have identified the Kac-Moody group G with a subgroup of 
End[^j^^p+ L(A)). Actually wc have G C gr-Endx (0Aep+ ^{■^))^ and 
the closure G gets the structure of a weak algebraic monoid. 

Theorem 4.5 We get an embedding of monoids 

T : M ^ gr-Endx ( L{A) ) , 
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with image G, by 

T{m)v := mL(^jy)V , m € M , v e L{A) , A £ P+ . 

If we identify M with G by T , then the coordinate ring ¥ [M] identifies with the 
coordinate ring F [G], and the Lie algebra Lie{M) identifies with Lie{G) by the 
map X ^-^ 5x- 

Proof: First we show T(Af) C G. Every element m g M determines an evalu- 
ation homomorpliism of F [M] . Due to Corollary |4.3| the coordinate ring F [M] 
is isomorphic to the algebra of strongly regular functions F [G] by the restriction 
map. Therefore we also get an algebra homomorpliism Pm ■ F [G] —>■ F, which 
has the property 

PMvIg) = '^(mi(A)«) foraU </) G L(A)W , v e L{A) , A G P+ . 



Due to Proposition 3.4 we find T(m) G G. 

Denote by T : M ^ G the map T, whose image has been restricted to G. We 
show that this map is surjective by constructing a map Q : G M with the 
property T o Q — id-^: 

Let g Cz G. For every object V of Oadm choose an isomorphism 

7:T/->0L(A,) , 

and define a linear map ilyig) ■— 7^^ ° .9 ° 7- Because the adjoint maps of 7 
and g exist, we have fly G Endy(,)V. The next formula shows that the map 
D,y{g) is also independent of the chosen isomorphism. 

The algebra F [G] is isomorphic to F [G] by the restriction map. Denote by 
: F [G] ^ F the homomorphism, which corresponds to the evaluation homo- 
morphism of F [G] in g. It is easy to check that we have 

^{nv{g)v) = a~g{f^,\G) foraU G , v €V . 

Using this formula, it is also not difficult to see, that the maps V an 

object of define an element 17(g) of M. 

It is easy to check, that the comorphism T* : F [G] ^ F [M] exists, and is given 
by the concatenation of the linear isomorphisms 

F[G] F[G] L(A)(*) «)L(A) "^-^ F [M] , 

AeP+ 

in particular T* is an isomorphism. 

The map T is also injective. Let m,m' G M, such that T(m) = T(m'). Then 
for all <j) G L(A)(*), v G i(A), and A G P+ we have 

'^*{Uv){m) = (j){f{m)v) = <j>{f{m')v) = t*(/^„)(m') . 
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Due to Proposition the functions of F [M] separate the points of M. Because 
T* is surjective, we find m = m' . 

Identify Lie{G) with a Lie subalgebra of the Lie algebra gr-Endx ( ® Aep+ -^(^) ) ■ 
It remains to show that we get an embedding of Lie algebras 



T' : Lie{M) -> gr-Endx H^) 




AeP+ 



with image Lie{G), by 



T'{x)v := Xi(A)i; 



X e Lie{M) 



V E L{A) 



This can proved in a similar way as the corresponding result for T. 



□ 



Now we rewrite some of the last results by using the nondegenerate contravariant 
symmetric bilinear forms on the modules L{A), A G P"*". Clearly these depend 
on the Cartan subalgebra h, which we choose by the construction of the Kac- 
Moody algebra. Nevertheless this is advantageous, because it will save work in 
later sections. 

Recall that we have fixed a nondegenerate contravariant symmetric bilinear form 
(( I )) on every module L{A), A e P+. We have extended these forms to a 
form on ®AeP+ -^(^)j ^^^^ denoted by (( | )), by requiring L{A) and L{A') to 
be orthogonal for A 7^ A'. 

The variety structure on L{A) of above is given by 



whose structure of a variety is given by 

span { := {{v \ ■ w)) \gr-Adj \ v,w E L{A) , A G P+ } . 

(As above a dot • marks the place where the arguments of a function have to 
be put in.) 

The involution * of gr-Adj (®AeP+ -^(^)) restricts to the Chevalley involu- 
tion on the the Kac-Moody group G C gr-Adj (0Aep+ L{A)). Because G is 
invariant under the involution *, also the closure G is invariant under *. 
We use this involution of G, which we also call Chevalley involution, to get rid 




{{v\-))\ ve L{A) } C {L{A)r . 



'AeP+ 



L{A) ) can be identified with 
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of the G°^-action. We define an action tt of G x G on F [G] , and an involution 
* of F [G] by 

""^pl^-^^ Z , where x,yGG, / G F [G] . 

Then the Peter and Weyl theorem of above takes the following form: We get a 
G X G-equivariant linear bijective map 

L(A)®L(A) ^ F[G] 

A6P+ 

by assigning v ® w the function fy^ |g-= {{v \ ■ w)) |^, v, w G L{A), A € P"*". It 
identifies the sum of the switch-maps with the involution. 

Remark: Due to the last theorem, our main aims in the next two sections are 
to determine the closure G C gr-Adj ( 0Aep+ ^i^))^ ^ well as the Lie algebra 
Lie{G) of the weak algebraic monoid G. 
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5 The proof of G = G and some other theorems 

In this section we prove that the closure G C gr-Adj ( ©agp+ ) coincides 
with G. This shows that G is the monoid associated to the category of admis- 
sible g-modules of O, and its category of restricted duals. 

We also determine some other closures. In particular we show T = T. Further- 
more T is a generalized affine toric variety, and the action of the Weyl group 
on T extends to an action on T. We show that is closed. We show N = N, 
which makes the analogy of the Wcyl monoid W = N/T = N/T with a Renner 
monoid even more tight. We also show that the dense unit group G is open in 
G. _ 

All these results indicate that G = G, together with its coordinate ring, is an 

analogue of a reductive algebraic monoid. 

Although G does not act on the flag varieties realized in the projective spaces 
P(L(A)), A e P~^, we show that it acts on the corresponding affine cones. 

Furthermore we show that the Kac-Peterson-Slodowy part of the F- valued points 
of the algebra of strongly regular functions coincides with the part, which is given 
byG. 

The hearts of the proofs of G = G and N = N are inductions over the cardinality 
of J C /, showing Gj = Gj and Nj = Nj. The results in the next subsections, 
describing something indexed by J, or indexed by ''rest" , are needed to prepare 
these proofs. 

5.1 The coordinate rings and closures of T, Tj {J C I), 

and Trest 

First some notations and remarks. Let J C I. Define the following sublattices 
of H and P: 

Hj := Z-span { hj \ j e J } , Hrest ■= { hG H \ Ai{h) = for i G 7 } , 
Pj := Z-span{ A,- I j e J} , Prest := { A e P | A(/ii) = for i e / } . 

Define the following projections: 

Pj ■■ P ^ Pj Prest ■■ P Prest 

A - E,ejA(/i,)A,- ' A ^ X-pi{\) ' 

Recall that the torus T of the Kac-Moody group can be described by the fol- 
lowing two isomorphisms of groups: 

ff^zF^ ^ T Hom(P,F><) ^ T 

where th{a)v\ := s-^^^^v\ and t{a)vx := a{\)vx, vx E L{A)x, A E P+. 

The group algebra F [P] of the lattice P can be identified with the classical 
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coordinate ring of the torus T, identifying ^ cxex G F [P] with the function 
(^^CAeA^(t(a)) := ^CAa(A) , a e Hom(P,FX) . 

We have similar descriptions for the torus Tj, replacing T, H, P by Tj, Hj, 
Pj, where now t{a) acts as t{a)vx ■= a{pj{X))vx, vx S L{A)x, A e P"*". We 
have similar descriptions for the torus Trest- 

To determine the closures of Tj, T, and Trest we need the coordinate rings 
F [Tj], F [T], and F [T^est]- Except the coordinate ring of Treat, these are in 
general only subalgebras of the classical coordinate rings: 

Proposition 5.1 Let J C I . We have: 

1) F[Tj] = v[pJ{xr^P)] = ¥[pjoo{xr\P) + Pjo] . 

2) ¥[T] = ¥[Xf^P] . 

3) V [Trest] = ^[Prest] ■ 

Proof: We only show 1) in the nontrivial case J ^ 0. The proofs of 2) and 3) 
are similar. 

a) Let Vx & L{A)x, e ^(A)^, A,/Lt € P(A), and A e P+. By checking on the 
elements of Tj, we find 

fv>.w^\Tj = {{v\\Wf,)) Bpji^^) = fv~,w^{l)epji^^) . (21) 

Due to the Peter and Weyl theorem for F [G], and UAeP+ -P(^) = -'^ n P, we 
get F [Tj] C ¥\pj{X (1 P)]. Due to the nondegeneracy of the forms (( | )) on 
the weight spaces, we have even equality. 

b) Let JV • We havepj(XnP) = {pj<^+pjo){XnP) C pj<^{XnP)+Pjo. To 
show the reverse inclusion, note that the comorphism of the multiplication map 
G,7=c X Gja Gj gives an isomorphism of algebras F [Gj] F [Gjoc] (g)F [Gjo]. 
It is easy to conclude, that the comorphism of the multiplication map m : 
Tjoo X Tjo — > Tj exists, and gives an isomorphism of algebras 

m* : F[Tj] ^ F [Tjoo] ® F [T^o] . 

Due to a) we have F[Tj] = ¥\pj{Xf\P)], and ¥[Tjoo] = F [pjo=(X n P)]. 
Because Gjo is a Kac- Moody group of finite type with maximal torus Tjo, 
we have F [Tjo] = F [Pjo]. By checking on the elements of Tj, we find 

(m-^)* {(ix^i^ ex,,) = ex^+Xo , Aoo e (X n P) , Aq S Pjo . 
Therefore pj^ {X n P) + Pjo Cpj{XnP). 

□ 

Theorem 5.2 Let J C I . We have: 

1) T] = fj . 

2) T = f . 

3) Trest is closed. 
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Proof: We only show 1) in the nontrivial case J 7^ 0. The proofs of 2) and 3) 
are similar to part c) of the following proof. 

a) To prepare the proof, we show that the submonoid pj{X n P) of Pj is 
saturated, and its faces are given by 

Fa{pJ{xc^p)) = { pj(i?np) I i?G7^(x), } . 



• We first treat the case J — J°° . Due to Theorem |2.2| b) , the kernel of pjoa is 
the hull subgroup of i?(J°°) n P: 

kernel pjoo = {R{J°^) - R{J°°)) D P . (22) 

Recall that {X — R(J°°)) n P is a saturated submonoid of P, whose faces are 
given by 

Fa{{X - R{J°°))nP) = { {R - R{J°°)) n P \ R e TZ{X) , R D R{J°^) } 

= { (P-P(J°°))nP I Ren{x)j} . 

The surjective linear map pjoo : P —> Pjoo maps the saturated submonoid 
{X - R{J°°)) n P surjectively onto pj^{X n P). Its kernel (|2|) is smallest the 
face of (X - i?(J°°)) n P. 

Using these facts, it is easy to check, that pj-^ {X n P) is saturated. It is also 
not difficult to check, that the map 

Pa((X -P(J°°)) nP) ^ Fa{pjo.{X nP)) 

F pjoc, (P) 

is bijective. Using the description of the faces of {X — R{J°°)) n P, and once 
more (|2|), we get the required result. 

• For an arbitrary J C /, we have due to the last proposition: 

Pj{X n P) = J5JOO (X n P) + PjO C Pjoo ® PjO . (23) 

Using the preceeding results, it is easy to see, that pj{X n P) is saturated in 
Pj, and its faces are given by 

Fa{pj{xnp)) = {pj^iRnP) + Pjo \ Renix)j^ = nix)j} . 

Because of pj — p,j^ + pjo and pj^ — p,j — pjo , we find 

pj{Rr\P) c pjo.{RnP) + Pjo c pj{RnP) + Pjo . 

To show that the first inclusion is an equality, it is sufficient to show Pjo C 
Pj{R n P). Let G Pjo. Due to ( p^ ) there exists an element A G X n P, 
such that fj, = p.j{X). From this follows = ^J,{hi) = pj{X){hi) — X{hi) for 
aU i G J°°. Therefore A G X n (P(J°°) + P(J°°)) n P = P(J°°) n P, and 

/iGp,7(P(J°°)nP) cpj(pnp). 

b) Fix ^ G X n P and P G 'Jl{X)j. Next we show 

fiERdP ^ pj{^i) e pj{RnP) . 
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The direction is trivial. Now let pj{fJ,) G P.iiR H P). By using ( p^ ) we find 
fi e {{RnP) + kernel pj)nX C ((i? n P) + kernel pjoo) n X 

= (i?-i?(j°°))nxnp . 

Suppose there exist elements ri E R, r2 E i?.(J°°) with ri — r2 G X\R. Because 
i? is a face of X, we get ri G X \ R + r2 Q X \ R, which is a contradiction. 
Therefore we conclude {R - i?( J°°)) D X = R. 



c) Due to Proposition 3.4 the Zariski closure of Tj is given by 



Ue gr-Adj I L{A) ) 



3 horn, of alg. /?0 : F [Tj] ¥ 



yv,wE L{A), A e P+ : \t,) = {{v \ cj,w)) 

and e Tj is uniquely determined by (3^. Due to the last proposition we have 
¥[Tj]=¥[pj{XnP)]. 

For t G Tj let at € Hom(Pj,F^) be the corresponding homomorphism of 
monoids. Note that pj{X n P) spans Pj, because X n P spans P. Due to 



a), and the remark following Proposition 1.4, we get for every t G Tj and 
R G TZ{X) J a homomorphisms of algebras /3t_ r : ¥ [pj{X n P)] ^ F by 

^ . X _ / at(A) if AG pj{RnP) 

'^*'^^^^> 1 if X e pj{xr\P)\pj{Rr\P) ' 



Using equation (|21|), and b), we find for all vx G L{A)x, G T(A)^, A, ^ G P(A) 
and A G P+: 



at(Pj(M)) ((«A I W/.)) if G pj(P n P) 

else 

((i;A|te(PK)) . 



Therefore we have /3t. ii; = (3te(R)- Also by the remark following Proposition 
every homomorphism is of this form. Therefore Tj = Tj. 



1.4 



□ 



Remark: The proof of the last theorem shows, that ( T , F [T] = F [X n P] ) can 
be identified with the generalized affine toric variety, associated to the saturated 
submonoid ATnP of P. In particular all statements of Proposition |l.4| are valid. 
Conjugation by elements of N induces an action of the Weyl group W = N/T 
on T, extending the action on T. It is given explicitely by 

a{te{R)) = (T(t)e(o-P) , teT , Re n{X) . 

5.2 The orbits G7(L(A)a) (J C /) and G(L(A)a) 

Let A G P+. The flag variety G/ P{i\t^(^hi)=o} can be realized as a subvariety 
of P(L(A)). The corresponding affine cone, which we call the Kostant cone, is 
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given by the orbit G{L{A)a) ^ L{A). Although G does not act on the flag 
variety, we show that it acts on this cone, i.e., G(L(A)a) = G(L(A)a)- This is 
advantageous, because of the rich combinatorial structure of the flag variety. 
Furthermore we show Gj (L(A)a) = Gj (L(A)a). For this reason we first show 
the following Proposition: 

Prop ositio n 5.3 Let A G P+ and $ ^ J C I. With the notations of Propo- 
sition 2.3^ there exists a g{Aj)-submodule of L[h), which is a orthogonal com- 



plement of Lj{h). 
Proof: 

1) Let be a g-module isomorphic to a sum of irreducible highest weight 
modules L{N), N Eh* . It decomposes in a direct sum 



y ^ viN) , 



NGh* 

where V{N) is the L(A'')-isotypical component. Let (( | )) be a nondegenerate 
contravariant symmetric bilinear form on V. We show that different isotypical 
components are orthogonal: 

Let vi e V{Ni) , V2 e V{N2) and Ni ^ N2. Because V{Ni) is isomorphic to 
a sum of i(A^i)-modules, there exist elements x e Z//(n~), vi G V{Ni)is!i such 
that vi = xvi. We get 

((Wl I W2)) = {{XV1\V2)) = I ^tJB ■ 

Different weight spaces are orthogonal. If Ni > 7V2, or if A^i, N2 are incom- 
parable, then {{vi I V2)) = 0. Using the symmetry of (( | )), we conclude 
{{vi I V2)) = for Ni < N2. 



2) Recall the notations of Proposition 2.32 . Due to the orthogonality of different 
weight spaces, we have 

L{A) = QcePW/^Vc . (24) 

V[A] is a direct sum of admissible irreducible highest weight modules of g,{Aj), 
and Lj{h) is an isotypical component. Now the proposition follows from 1). 

□ 

Now we show: 

Proposition 5.4 Let K e . Let J C L. We have: 

a) G7(i(A)A) - G,7(L(A)a) . 

b) G(L(A)a) = G(i(A)A) . 

Proof: The proof of b) is similar to the proof of a). We only show a) in the 
nontrivial case J 0. 

We equip Lj{A) with the coordinate ring generated by 0;^gp(ij(A))(-^(^)A)*- 
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Then due to p<:,P 2t 3A, 3B, and Proposition |2.32| , the orbit Gj(L(A)a) C Lj(A) 
is Zariski closed in Lj(A). 

Due to Proposition |5 . 3| there exists an orthogonal decomposition L{A) = Lj{A) Qi?. 
Using this decomposition, it is easy to see, that the coordinate ring of Lj{A) 
is the restriction of the coordinate ring of L{A). From this decomposition also 
follows, that Lj{A) is Zariski closed in L{A). 
For every va G -^(A)a the map 



<J>: gr-Adj I i(A^)J 
\A'eP+ / 



L(A) 

4>VA 



is Zariski continuous. Therefore we get 



GjVA = $(Gj) c $(G,/) c Gj (L(A)a) = G,7(i(A)A) 



□ 



5.3 The coordinate rings and closures of Uf, (f/^)^ ^ /) 



Kac and Peterson showed in [K,P 2], Lemma 4.3, that the coordinate ring F [U^] 
is a symmetric algebra in { fv\xvA 

\u+ \ X en }, where va e L{A)a \ {0}, 

A G From this result follows: 

Corollary 5.5 Let J C I. Let A e n P+ , and va e L{A)a \ {0}. Then: 
F [Uj] is a symmetric algebra in { fvj^xvA \ u+ I ^ ^ '^j } ■ 
F [UJ] is a symmetric algebra in { fxvAVA lu" I ^ ^ ) ■ 

Proof: The case J = is trivial. If J 7^ 0, then Gj, F [Gj] can be iden tified 



with G(Aj)', F [G(Aj)']. We get the first statement by using Proposition |2. 32 
and the result of Kac and Peterson of above. 

The second statement follows from the first by applying the comorphism of 
* : Uj — > Uj, which is an isomorphism of algebras * : ¥ [Uj'] ^ ¥ [Uj]. 

□ 

For J C / set (A'^)± A± \ E,ej^«j: and (n'^)± e„g(^.)± . Write 
n'^ := (n"')+ for short. 

Theorem 5.6 Let J C I . Let A e Fj n P+ , and va e £(A)a \ {0}. 
The algebra ¥ [{U'^)'^] is generated by { fv^xv^ l(;7')+ I ^ C*^"^)^ } • 
The algebra ¥ [{U'')~] is generated by { /xvava \iU'')- I ^ £ ("■'^)^ } • 

Proof: We only show the first statement. The second follows by applying 
the comorphism of * : {U'-')~ {U"^)^, which is an isomorphism of algebras 
*:¥[{U^)+]^¥[{U^y]. 
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The case J = / is trivial, let J ^ I . Main parts of the following proof are similar 
to the proof of the description of F given by Kac and Peterson. But we 

also use this result for the proof. 
• Let /i G h. First we show 

uh - h e n-^ for aU u e U'' . 

It is sufficient to show 

wi exp(xi)itj~^ U2 exp(a;2)u2"^ ••• Up exp(a;p)Up ^ /i — /i G n'^ 

for all f3i,..., (3p e A'' n A+ , xi e g^^, . . . , G g^^, ui, . . . , Up £ U, p e N, 
by induction over p. 

Let a G A+, /? e (A'^)+ such that a + /3 G A+. The definition of (A'')+ implies 
a + /? G (A'')+. From this follows Ua n'^ C n'^ for all a G A+,. Because U is 
generated by the root groups Ua, a £ A+ , we also get 

C/n-^ C n-^ . (25) 

The begin of the induction p = 1 follows by using this inclusion: 

oo ^ 

uiex.p{xi)u^^ h — h = — [uiXi[...[uiXi,h]...]] G n"^ . 

k = l 

Now the step of the induction from p to p + 1: 

ui exp(a;i)M];^ M2 exp(x2)u2"^ •■• Up+i exp{xp+i)Upl^ h ~ h 
= ui exp( 



3(2:1 )uj ^ (^U2 exp(a;2)M2 ' ' ' "^p+i exp(xp+i)Up4^i h - hj 



G n--' due to the induction assumption 



e n ' due to (g^) 

+ ui exp(xi)uj~^ /i — h G n'' . 

€^ n'^ (iwe to p — 1 

• Let F [n''] be the algebra of functions generated by 

fx {X \ ■ )\nJ , X eUj . 

Denote by l : U'^ U"^ the inverse map. For N G denote by ipN ■ U'^ — > n'' 
the map V'Ar(w) -.^ uiy'''^{N)-iy-'^{N), u G U'^ . Choose vn G i(A^)Ar\{0}. We 
show 

i^^ifx) = T rr fv^xv^lv) , (26) 

by checking this equality on the elements u G U'^ : 

M^Niu)) = {x\uiy-\N)^iy-^iN)) = {u~^x\u-'iN)) 

N (( -) \ - ((^^ I {u-^x)oVn)) _ {{vN I iu-^x)vN)) 
~ ""'"^ {{vn\vn)) {{vn\vn)) 

_ {{vN I u^^{x{uvn)))) _ {{vN I u~'^{xvn))) 
{{vn I vn)) {{vn I vn)) 
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Here {u~'^x)q denotes the gQ-homogeneous part of u~-^x. We used several times 
the orthogonaUty of root spaces g^, and g^, a + /? ^ 0, and the orthogonahty 
of differ ent we ight spaces. 

Due to K,P 2|] , Lemma 4.2, the algebra F [U] is a Hopf algebra. Therefore also 
F [U'^] is a Hopf algebra. Because of (|26|) we get V'jv [n"']) ^ F [C/"']. Because 
of the description of F [U] from Kac and Peterson of above, we have equality at 
least for TV e P++. 

Now fix an element A G We have shown 

rA (F [n^]) C F [UJ] = (F [n^]) . 

The theorem is proved, if we show equality. For every a £ (A'')+ choose ( | )- 
dual bases (eQ'')i=i, m„ ^ go, (e^)j)i=i, C g_^. It is sufficient to show 

V'K/.U) ) e (F [n'^]) for all a G (A'^)+ , j = 1, . . . , m„ . 

For every u G U'^ write the images ipxiu) G n'', V'aI'") G as linear combina- 
tions in the basis (ea^)cg(AJ)+ ,i=i, .... ma of n'': 

a£{A-')+ j 

Mu) = E E'^"^(")^"^ ' 

ae(A^)+ j 

where 

:= (e^ll^AC-)) - e V4(FM) . 

Because of [i'^^(A), j/^^(A)] = 0, we get 

= [V'aH, Va(")] + [;^-^(A), Va(")] + [V-aH, i^"'(A)] 
= E E (- I ^) -^^'^ (") + I A) (u)) eL^) 

+ E E^^''n-)^?^(")[ei^^4'^] ■ 

Q,/3e(A'^)+ 

Taking the 7-homogeneous part, 7 G (A'^)+, we find 

+ E E'^i^'^^?[^i^^4''] • (27) 
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An element 7 e (A'')+ is of the form 7 — ^ • ^ j PiCa with pi G No, and pi ^ 
for at least one i G / \ J. Because A is of the form A — ^ j A^ + Arest 
with TOi S N, Arest G Prest, we find 

(7|A) = ^ p,m,(a, |A,) + = ^ P^m^^^^ > . 
iei,jei\J i<£i\J 

Now we show 

= r^yif^inj G V-KFM) (28) 

by induction over the height of 7. To begin the induction, let 7 G (A'')+ such 
that M(7) = min{ ht{S) \ S £ (A"')+ }. Using @ we get 

= ^ (- (7 I a) 4-'") + (7 I A) ^^■'■)) e^-'") + . 
j 

Therefore 



(7IA 



<^V'^ = 4>^-^^ e ^1 (F [n^]) J = 1, . . . , . 

Let (H) be vahd for aU 7 G (A"')+ with /it(7) < p. If there's no 7 G (A"')+ 
with /ii(7) > p, there is nothing to show. Otherwise let 7 G (A'^)"'", such that 
ht{"f) = min { ht{5) I 5 G (A"')+ , ht{5) >p] . Due to Q we have 



^7 



Q,/3e(A-')+ j,*: 



:>+/3=T e i/'J(F[n-']) (md. ass.) 



Because of (7 | A) ^ 0, we conclude (j)'^^ G Va (II^ J = 1^ 



□ 



Theorem 5.7 Let J C I. We have: 

1) is closed. 

2) {U-')^ is closed. 

Proof: If 1) is valid, then due to 

<^ e Wj closed 

also 2). It is sufficient to show 1) only in the case of '— ', because the homeo- 
morphism * : gr-Adj{. . .) — > gr-Adj(. . .) maps UJ onto Uj. Due to Proposition 
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3.4, the Zariski closure of Uj is given by 



e gr-Adj L(A) 
\AeP+ / 

Vw,w e L{A), AeP^ 



3 horn, of alg. (3^ : F [UJ] F 
: Mfvwluj) ^ {{v \ <j)w)) 



and (/) G C/j is uniquely determined by (3^. 

Let (f) e J7y. Choose an element i;a e -^(A)a \ {0}, A e n P+. Due to 
Proposition 5.4, and the Birkhoff decomposition of Gj, we have 



f/jFwA C Gj FuA = GjFwA = UJ NjFvA 
Therefore there exist u e UJ , Ua G A^j, c G F, such that 

4>Vf^ = curicVA ■ 



The coordinate ring F [J7j ] has been described in Corollary 5.5. Applying 
to the unit of F [UJ], we get 



1 = 



"A "A \U~, 



c{{u*VA I riaVA)) 



■.{{vA I ricrVA)) 



\{{va\va)) J {{va\va)) {{va\va)) 

Therefore cn„VA — va- Applying /S^ to the generators of F [Uj], we find 

f^4> (^IxvavaIuj^ ~ f^u (^/xvavaIuj^ for all X G rij . 
We conclude f3^ — (3u, and cj) = u £ UJ . 



□ 



5.4 The closures of Gj ( J C /) and G 

Let J C I . The monoid Gj contains Gj and Tj ~ Tj. Because Gj and Tj 
generate the monoid Gj, we get 

G] D Gj . (29) 

Similarly we get 

G 3 G . (30) 

In this section we show that we have even Gj = Gj and G ^ G . 



Kac and Peterson introduced in |K,P 2], Section 4D, a multiplicative subset 
9a, a G , of F [G/]. Adopting in our context we have: 
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Proposition 5.8 For A e choose an element v\ G L{A)a \ {0} . Then 



1 

((^^A I «a)) 



■■= 77— ^Tt((«a| ■VA))\a e F[G]\{0} 



is independent of the chosen highest weight vector va and the chosen nondegen- 
erate contravariant symmetric bilinear form. The map 

- (F[G]\{0},-) 
A ^ Of, 

is an injective homomorphisms of monoids. 



The proof is essentially the same as in [ K,P 2 |. This multiplicative set will 
be very important for the following considerations. For the convenience of the 
reader we sketch the proof: 

The map P"*" — > F [G] \ {0} is injective, because already the restrictions Oa \t = 

eA G F [T], A e P+, are different. 

Let A, iV e P+ . For u± eU^ ,t ^T we have 

{OAON)iu-tu+) = (eAeAr)(i) = eA+N{t) = 6A+N{u-tu+) . 

The set U^TU^ is the principal open set of G associated with 6a \g, A G P+nG. 
G is irreducible, because the coordinate ring F [G] is an integral domain. There- 
fore U~TU'^ is dense in G. It is also dense in G, and we conclude OaOn = Oa+n- 

□ 



We will prove Gj = Gj by induction over |J|. To prepare the induction step, 
two theorems will be important. The first theorem relates certain pnc- varieties 
Dqj{Oa \gj) of principal open sets to the pnc- varieties Gl, L ^ J. The second 
theorem gives either a covering of Gj, or a covering of Gj without a point, by 
certain principal open sets Dqj{Oa \-qj) ■ 

The following easy proposition states, which of the these pnc- varieties of princi- 
pal open sets are the same. For J C / set Pj f) P+ = X^jej f^oAj. Note 
that the faces of Pj are given by P^ , L <Z J . The relative interior of a face P^ 
is given by ri P^ P^^ := J2ieL ^-^i , L <Z J. These relative interiors give a 
partition of Pf . 

Proposition 5.9 For J C I let Tj C Aj C Gj. The following map is an 
injective homomorphisms of monoids: 

(P+,+) ^ (F[A7]\{0},-) 

A ^ Oa\aj 

Let L C J and A £ riP^ . The pnc-variety 

( Da, (^a U. ) , F [Da, {Oa \a, )] , Tn.^ (m., ) ) 
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can be described in the following way: 

DAj{eA\Aj) = {xeAj \ 0A,{x) ^ for all A' e P+ } 
F [DaAOa U.)] - { ^A' U. I A' e P+ y' ¥ [Aj] 

•^15,, (..u,,) = { { ^A' \aj I A' e P+ i? I i? e Ta, } 

Remark: We often write only 9a instead of \aj for short. We write 
(DAjiP^) , F [DA,,{Pt)] , ^D^,{Pt) ) for this pnc-variety. 

Proof: The homomorphism of monoids is injective, because the restrictions 
Oa |t,= ca e F [Tj], Pf, are different. 

The inclusion Da,{Oa) ^ Da,{Pl) is obvious. To show the reverse inclusion 
let X e Da, {6 a)- It is easy to check, that 

{ A'eP+ I eA'{x)^Q} 

is a face of P^ . Because P^ is the smallest face containing A, we have 9a' {x) ^ 
for all A' e P+. 

Because of Daj{Oa) = DajIP^) and = -J-, f e ¥[Aj], n e N, we 

have an inclusion of algebras F [Daj{9a)] C F [Daj{P^)]- To show equality, it 
is sufficient to show, that for every A' G P^ there exist elements / S F [Aj], 
n E N, such that 

/ 1 



(0a)" 0A' 

Because of A G riP^ and A' e P^ there exists a positive integer n e N, such 
that nA — A' e P^. The function / = 6'„a-A' satisfies the last equation. 

The natural maps ¥ [Aj] ^ ¥[Da,j{Oa)] and ¥[Aj] ¥[Daj{PI)] coincide. 
Therefore the filters of ideals are the same. 

□ 

Next we want to describe the pnc- varieties D^^P^^j^, where L ^ J. For this 
we first need the following proposition: 



Proposition 5.10 Let K C I . Then (Pr) ' 1^ I^^k (Pr)] ' ^Dt (p+) 

is a variety, and we have 

DtAPk) = Tk , 

¥[DtAPk)] = ^[Pk] ■ 

Proof: Clearly Dtk{Pk) = Pk ■ Due to the definition of F[Dtk(Pk)] and 
Theorem 5.1 we get 



v[DTAPi)\ - ¥[pK{Pr^x)-p+] 
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Because of C X we find 

Pk ^ P^- Pti C pk{P n X) - P+ C Pk . 

F [Pr] is the classical coordinate ring of the torus Tk ■ The map Tr- 
SpecmF[PR-] is bijective. Therefore also the map Tk F-SpecmW [Pk] is 
bijective, and {Dtk{Pk) ' ^ [Dtk{Pk)] ' fP+l ) ^ variety. 

□ 

For the next theorem equip the torus Tj^^ with the variety structure of the last 
proposition. 

Theorem 5.11 Let L g J C I . Set (Uf)^ := ClaeWL ^^f^^^ ■ 
«^ DgSP^l) - {UJ)'^GLT,\L{Uj)^ . 
h) The multiplication map 

is bijective. Its comorphism 
m*: F[I?^^(P+J] ^ ¥[{Ujn®¥[GL]®V[P,j\L]®V[{Uj)^] 

exists, and is an isomorphism of algebras, 
c) m^^ is a morphism of pnc-varieties. 
Remarks: 

1) A decomposition analogous to b), J = /, L = 0, the mono id G/ replaced by 
the group G/, has been given by Kac and Peterson in | K,P 2 |, Lemma 4.4. 

A similar decomposition of the coordinate rings analogous to the second part 
of b), J — I, has been given by Kashiwara in [|Kas| , Lemma 5.3.4 and Lemma 
5.3.5. There coordinate rings are realized as subalgebras of the duals of universal 
enveloping algebras belonging to certain Lie algebras, and Kashiwara works with 
these algebras and its spectra. In particular the Kac-Moody group itself isn't 
available. 

2) We do not know if is an isomorphism, or if it is no isomorphism of 
pnc-varieties. 

Proof: 

To a): Let A e ri P+^^ ^ P^HFl . Due to Theorem ^.35| b) an element x G Gj 
can be written in the form x — u_n„e{R)uj^ , where u± G , n„ G Nj and 
R D i?(J°°) . We have 

{{vA I u^n„e{R)u+VA)) {{va \ n^e{R)vA)) 

^ 0a{x) = , 77 = J- ■ 77 

{{VA I VA)) {{VA I VA)) 

A e R and trA = A . 
Because of A G = Pl°°ul° ^ riR{L°°) this is equivalent to 
R D R{L°°) and a gWl ■ 
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Because of Wl C Wj and R{L°°) D R{J°°) we get 

= { u^nae{R)u+ \ u± £ Uf, n„ e WlTj, R D } 



Using L/y = {UJ)^UJ^, Uj = U^{Uj)^, and Theorem p!35| b) once more, now 
for Gl, a) follows. 

To b) and c): Both parts follow directly from Proposition |3.2| 1), we only have 
to check that the prerequisites are satisfied: 

• Clearly Tjy^ = Dtj^i, (^'/y^) is a sub-pnc-variety of D^^{Pjy^^) . 

For all A G P+ ^ we have 6'a 1((7±)L = l(-y±-,i. Due to Proposition p.37| b) we also 
have 0A \g — ■ From this follows, that {Uf)^ and Gl are sub-pnc-varieties 

• The multiplication map is surjective due to part a) of this proof. The remain- 
ing demand on m is satisfied, because (Uf)^ , Gl and Tj\l contain the unit. 

• To show that the comorphism m* exists, and is surjective, first note: Due 
to ( pgj ) we have Gk ^ Gk ^ Gki K C I. Therefore F [Gk] is isomorphic to 
F [Gk] by the restriction map. Due to the Peter and Weyl theorem for F [Gk], 
and Proposition ^.32 we conclude 



F [Gk] - span { [^^ \ v,w e L;^(A), A £ ] . (31) 

Now let A e Pj^^. For iV e P+ we choose (( | ))-dual bases of L{N), by 
choosing (( | ))-dual bases 

{a\k)k=l,...m^ , {bxk)k=l,...m^ 

of L{N)x for every A e P(iV). Let v G L{N)x , w G L{N)^ , X, fJ- € P{N) . By 
checking on the elements of Dq^[PJ^^) , using Proposition 2.37 b), we find 



A'>A , i 



Since P{N) C N ~ this sum is really finite. Using ( plD for if = J we find 
that m* : F [^'^^(-P+yi)] ^ F [(C/J)^] «) F [Gl] (g) F [Pj\i] F [(C/+)^] exists. To 
show the surjectivity of to*, it is sufficient to find elements of F [Dq ^{Pjl^j^)], 
which are mapped by to* onto a system of generators of the algebra F [{UJ)'"] ^ 
F[GL]®F[Pj\i]®F[(C/+)^]: 

By using Proposition 2.37 b) it is easy to see, that for all A, G Pja^^ we have 



TO*(^|n_ (p+ \] = 1 (g) 1 ® CAT-A (g) 1 



9 A '""oAPj 
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Using the same proposition we find for A £ ri Pj-^j^ = = H i^L , wa € 

L(A)A\{0},a;e(n7)^: 



The elements fvjyxvx \{u+)^^ ^ ^ ('^j) generate F[(?7j)^], and the elements 
fxvKVA l((7,7)^' ^ ^ ("j)^ generate ¥[{UJ)^]. By identifying Gj, F [Gj ] with 
G(Aj)', F''[G(Aj)'], this follows from Theorem ^ and Proposition ^.32| . 
Let N e Pi and wa G Ll{N)x, G Ll{N)^ where A, G P{Ll{N)). Because 
the weight /i is of the form = N — X^iei ^'o;' with ki G No, we have 



nQii) = N{hi) - ^kiai{h,) > for all ieJ\L 



Set A := X]iej\L t^{hi)Ai G -P/y^- By using Proposition 2.38 we find 
Due to the elements /u;^u,,, 1^ generate F [Gl] . 

□ 

We use the principal open sets D-fjj{Pj^j^) , L ^ J to give a covering either 

of Gj, or of Gj without one point. We first give a theorem, which is used to 
distinguish these two cases, and to describe the vanishing ideal of this point. 

Let 7^ J C /. F [Gj] is isomorphic to F [Gj] by the restr iction map. Using the 
Peter and Weyl theorem for F [Gj] and Proposition 2.32 , we get an Gj x Gj- 
equivariant linear bijective map: 

: Lj{A)®Lj{A) ^ F[G7] 



AePj 

V 



Theorem 5.12 Set Afj := (^®AeP+\{o} ^ji^) ■ Then we have: 

Nj = l(e{R{J))) z/J = J°°. 
TVj is no ideal if J ^ J°° . 



Proof: 

a) If J = J°° we have to show 



e{R{J))v = 



w if u G Lj{0) 

if V G Lj(A) , A G P+ \ {0} 
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We have P(ij(0)) = {0} C R{J). It remains to show P{Lj{A)) n R{J) = for 
aU A e P+ \ {0} . 

Suppose there exist elements A e Pj \ {0} , q = X^ie j "^iQ^i G (Qj)o" , c e R{J) 
such that A — (7 = c . Then we get 

< A(/ij) — ''^^rrii ai(hj) + = ^^0^^771^ for all j £ J ■ 

ie.J ieJ 

The generalized Cartan matrix Aj has no component of finite type. Due to Q , 
Theorem 4.3, we get 

A{hj) — ^^fljimi = for all j ^ J , 
which contradicts A 7^ . 

b) Let J = J° and suppose AO is an ideal of F [Gj] . The algebra F [Gj] is 
isomorphic to F [Gj] by the restriction map. The map Gj SpecmF [Gj] 
is bijective, because Aj has only components of finite type. Therefore there 
exists & g ^ Gj, such that J\fj — I [g) ■ Choose an element v G Lj{A) \ {0} , 
A G P+ \ {0}. Then 

V = (gv) = 

= 

is a contradiction. 

c) Let J = J°UJ°° with ^ and J°° 7^ 0. The generalized Cartan matrix 
Aj decomposes into the sum Aj = Aja © Aj^a . Recall that we have Gj = 
Gjo X Gjoo , and F [Gj] ^ F [Gjo] (g) F [Gjoo]. The subalgebra corresponding to 
F [Gjo] 1 is given by the image of the embedding 

z : F [Gjo] ^ F [Gj] , 

defined by 

i{fvw \gjo) fvw \gj , v,w e £jo(A) = Lj{A) , A G Pjo . 

Suppose A/j is an ideal and let </> : F [Gj] ^ F be the corresponding homo- 
morphism of algebras with kernel Afj \gj- Then o i : F [Gjo] ^ F is a 
homomorphism of algebras with kernel Afjo \g ^ which contradicts b). 

□ 

Let cr, T G Wj, and choose elements n„,nT- G Nj belonging to a, t. Let K C I. 
Since Tj D^{P+) Tj = D^{P+), the set 

<jD^{P+)t n,D^{P+)nr 
is independent of the chosen elements n^,nr. 
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Theorem 5.13 Let%^ J <ZI. We have: 



U U -D^^Pk)^ = I 



<y,T e Wj <!)^KCJ 



_ Gj if J^J° 

Gj\{e{R{J))} if J^J- 



Remarks: 

1) For J = J°° the element e{R{J)) is the zero of Gj. This follows from 



Proposition 2.36, and Gj = Gj, which we will prove in the next theorem. 

2) It is easy to see that it is sufheient to take the second union only over the 

sets K = {j}, j e J. 

In general it is not possible to omit the union over the elements of the Weyl group 
on the left or on the right. This can be c hecked by using the generalized Cartan 



matrix of Example 3) of Subsection 2T. Choose J = I. Not all idempotents of 



E would be contained in these unions. 

3) A similar decomposition for the full maximal spectrum of F [G] has been 



given by Kashiwara in | Kas |, Proposition 6.3.1. 

Proof: For every A G \ {0} choose an element va G L{A)a \ {0}. 
We have D-qj{P^) = D-^{0a), A e riP^. Because oi ri 
Pj \ {0} we find: 

G7\( U U ^D^^Piy 
\0 / A' c J CT,T e Wj 

= { xgG7| Va,TG Wj VAeP+\{0} : {{n^v^] xn^VA)) = O] 

If J = J°°, then due to the last theorem e{R{J)) belongs to this set. Now let 
7^ J C / be arbitrary, and x £ Gj an element of this set, i.e., 

{{n^VA I xurVA)) = for all a,T e Wj, A e P+ \ {0} . (32) 

Fix A G Pf \ {0}. For an element v G L{A) denote by v\ its component in the 
weight space L{A)\, and set supp{v) := { A | v\ }. Denote by co(supp(v)) 
the convex hull of supp{v) in hj^. 

Because G,j is a monoid containing Gj, we have xur G G,j. Due to Proposition 
5.4 we find 



XTirVA G GjVA C G,jL{K)a C ij(A) for aU r G W 



J 



Using |K,P 1|, Lemma 4, the vertices of the convex hull co{supp{xnrVA)) are 
elements of WjA. The weight spaces L(A)crA, cr G Wj, are one-dimensional, 
and different weight spaces are orthogonal. Because of (^) there are no vertices 
of co{supp{xnrVA)) ■ Therefore we have 

= xTirVA for all r G Wj . 

From this follows 

= {{gvA I xUrVA)) = {{x*gvA \ "tWa)) for aU g G Gj, r G Wj . 
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The involution * is Zariski continuous, leaving Gj invariant. Therefore also Gj 
is invariant, and we get x* £ Gj. Now we can use the same argument as above 
to show x*gvA = 0, g e Gj. Since Lj{A) is spanned by Gjva, we find 

x*LjiA) - {0} . 

Because this equation is valid for all A £ Pj \ {0}, we get Aj C I{x*). We 
have even equality because both are 1-codimensional subspaces of F [Gj] . 
Due to the last theorem we conclude J = J°°, and I{x*) — I {e{R{J))). 
Because F [Gj] separates the points of Gj, we get x* — e{R{J)). Therefore 
x = e{R{J))* = e{R(J)). 

□ 

The following theorem is one of the main results of this paper: 

Theorem 5.14 Let J C I. We have: 

1) G] = Gj . 

2) G^G. 

Proof: At the beginning of this subsection we have already proved the inclu- 
sions '13'. We only have to show the reverse inclusions. 
To 1): We show Gj C Gj by induction over | J|: 

The case J = is trivial. Let | J| = 1. Since J°° = we have Gj = Gj . The 
map Gj — > SpecmF [Gj] is bijective, because (Gj, F [Gj]) can be identified 
with (S'L(2,F), F [5'L(2,F)]). Therefore also the map Gj F-SpecmF [Gj] is 
bijective, and Gj is Zariski closed. 

Now the step of the induction from \ J\ < m to \ J\ = m + 1 , (1 < to < |/ 



Let L ^ J. Due to Proposition 5.1C Tj\]^ is a variety. Using the induction 



assumption we find that Gl is Zariski closed. Therefore Gl is a variety. Left 
and right translations with elements of G are Zariski homeomorphisms. Using 



Theorem |5J| we see that the groups 

iUff ^ n -Ufa-' 



aeWL , , 
cLosea 



are Zariski closed. Therefore also {Uf)^ are varieties. 



Due to Theorem 5.11 there is a bijective morphism 



TO-i : i?G.(^AL) ^ (f^,7)^ X Gl X Tj\L X (C/+)^ , 
whose comorphism is also bijective. Applying Proposition |3.2| 2), we find that 



Dqj{Pj\^j^) is a variety. We have Gj C Gj. Applying Proposition 3.2 we 



get D-Qj{Pf^^) — D^^{Pf^jJ. Therefore the principal open set D-^{Pf^^) is 



contained in Gj. Using Theorem 5.13 we find 



a.reWj L<g.J " ' <^ \ \ n ) 

CGj 
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To 2): It is easy to check that Proposition 3.2, 1) can be appUed to the mul- 
tiplication map m : Gi X Trest —* G. Therefore m^^ is a bijective morphism, 
whose como rphi sm is also bijective. Due to part 1) Gj is Zariski closed. Due 
to Theorem 5^ Trest is Zariski closed. Therefore G/ and Trest are varieties. 
Applying Proposition |3.2| , 2) we find that G is a variety. Therefore G is Zariski 
closed. We conclude G C G. 

□ 



5.5 The closures of Nj (J C I) and 

The Weyl monoid W = N/T plays the same role for the Bruhat and Birkhoff 
decompositions, as the Renner monoid does for the Bruhat and Birkhoff decom- 
positions of a reductive algebraic monoid. To make this analogy even closer, we 
show TV = JV. 

The proof oi N = N can be looked at as a simplified version of the proof of 
G ~ G. Wc only state the main steps, some more details can be found in [M 1|. 



Using the same methods as in the proof of Theorem 5.11 we can show: 
Theorem 5.15 Let L J C I . We have: 

h) The multiplication map 

m: NlxTj\l ^ D^^{P+^^) 

is bijective, and its comorphism 

m*: F[Z?^/F+J] ^ F [TV^] ® F [P^\i] 

exists and is an isomorphism of algebras, 
c) m^^ is a morphism of pnc-varieties. 



We get by intersecting the equation of Theorem 5.13 with Nj : 
Corollary 5.16 Let $ J C I . Then 

U U '^^nA^k)^ - I Nj\{eiRiJm if J = J^ 

Using this theorem and this corollary, we can show in the same way as Theorem 
5T4| : 

Theorem 5.17 Let J C I. We have: 

1) Wj ^ Nj 

2) N 
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5.6 The openness of the unit group 

The unit group of a reductive algebraic monoid is principal open. Here we have: 



Proposition 5.18 The unit group G is open in G. 



Proof: We have G = G. In the same way as in the proof of Theorem 5.11 a) it 
is possible to show 

Dp (61a) ^ for every A e P++ . 

Due to | ]K,P 2| |, Corollary 3.1, we have G/ = U^ew^^^^^^^- t^^* 
left translations with elements of G are Zariski-homeomorphisms. Therefore 

G = GiTrest = U aU-TU\ 

o- e W open 

is open in G . 

□ 



5.7 The Kac-Peterson-Slodowy part of Specm F [G] 

Using the characterization G = G, it is easy to prove the claim of Peterson 
about the Kac-Peterson-Slodowy part of the F-valued points of the algebra of 
strongly regular functions. 

A function / G F [G] induces a function on Specm F [G] , assigning x e Specni F [G] 
the value £(/), where x : F [G] — > F is the homomorphism of algebras with ker- 
nel X. 

In this way, Specm F [G] is equipped with a coordinate ring isomorphic to F [G] . 
Its Zariski topology coincides with the relative topology of the spectrum of F [G] . 
For a set M C Specm F [G] we denote by M^^'^'^^ its Zariski closure. 

We identify the elements of G with the corresponding points of Specm F [G] 
given by the vanishing ideals. Note that for a set M C G = G we have 

-r-r -^r-rSpecra 

M C M . (33) 



Theorem 5.19 We have 

G = [j U U,,--- Upy^-- . 

mGN /3i, ...,/3„eAre 

Proof: We first prove the inclusion 'C': We have G = G'TG', and f ^T. 
The derived Kac-Moody group G' is generated by the root groups Ua, a G Are ■ 
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Therefore, for every element g ^ G, there exist roots /3i, . . . , /3p, 71, . . . , 7^ € 
Are, such that 

g e f/;3i • ■ • f/;3,T(7^i • • • (7^, . 

Because left and right multiplications with elements of G are Zariski continuous 
on G = G, we act 



G Up,--- UpTU-,, - --U,^ . 

Because of Up, - - - Up^TU^, - - - U^^ — Up, - - - Up^U^, - - - U^^T, and formula 
33I), we find 

-Specm 



g e Up, ---Up^U^, ---U^T 

Next we prove the inclusion 'D' of the theorem. Let A e P+. Choose (( | ))- 
dual bases 

(aAi)AeP(A) ,i=l,...,mA : (p\i)\eP(A.) , i=l,...,mx 

of L{K), by choosing (( | ))-dual bases 
of every weight space ^(A)^, A G -P(A). 

The root groups ?7q, a G A,.e, and the torus T act locally finite on L{A). 
Therefore, for every v G L{K) the linear space spanned by Up, ---Up^Tv is 
finite dimensional. For a fixed pair we have 

{{ax^\Up,---Up^Tb^,)) = 

for all pairs (A, i) except finitely many. Similarly, for a fixed pair (A, i) we have 

{{ax^\Up,---Up^Tb^,)) - {{TU^p^---U.p,a^^,\b^,)) = 

for all pairs (/i, j) except finitely many. 

This also applies to x{fa,^^b^j) for every x G Up, - - - Up^T^'^'^""^ . Now fix such 
an element and define 

(/)A G End{L{A)) by (j)Abf,j := ^ bxix{fa^.b,,,) , M ^ P(A), j = 1, . . . , , 

Ai 

V'A G End{L{A)) by (?!)a6ai := X! ) ' ^ ^ ^(^)' « = 1, ■ • • , "^A • 

Mi 

It is easy to check, that 4>a and V'A are adjoint maps. 

The maps (/)a, A G P+, define an element G gr-Adj (0AeP+ ^(^))- Note 
that 

5(/aAifp„) = {{a\i I '/'^w)) '^'A* e -P(A), i = 1, • . • , TOA, j = 1, . . . , m^, A G P+ 



From Proposition 3.4 a) we get <j) £ G = G. The evaluation homomorphism 
corresponding to cj) coincides with x. Therefore 4> = x. 

□ 
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6 The proof of Lie{G) = g 

In this section we show, that the Lie algebra of G is isomorphic to the Kac- 
Moody algebra g. For the proof we use, that the tangent space of G at 1 is iso- 
morphic to the tangent space of a principal open set D-q{9\) — Dijt{9\)U^ , 
A S P~^~^, at 1. To describe this tangent space, we first determine the Lie alge- 
bras of T and U^. 

To state the propositions and theorems in an easy way, we identify the Lie alge- 
bras of r, and G with subalgebras of the Lie algebra of gr-Adj ( 0AeP+ 
(via the tangential maps of the inclusion maps at 1). This last Lie algebra 
is identified with gr-Adj (®AeP+ ^i-^))- We also identify the tangent space 
Ti{Dj!{9a)) with Ti(T) (via the tangential map of the inclusion map at 1). 
Similarly for v £ L{A), we identify the tangent space 71, (Va) of the Kostant cone 
Va = G'(L(A)a) with the corresponding subspace of T„L(A), which is identified 
with L(A). 

In the proofs however we distinguish carefully between these different possibili- 
ties of giving tangent spaces. 

The Kac-Moody algebra g acts faithfully on ®AeP+ -^(^)- We also identify g 
with the corresponding subalgebra of the Lie algebra gr-Adj ( ®AeP+ -^(^) ) • 

6.1 The Lie algebra of T 
Proposition 6.1 We have Lie{T) = h. 

Proof: Due to Proposition the Lie algebra of T is given by 



Lie{T) = 



e gr-Adj I L(A) ) 
\AeP+ / 



3e^ e Deri{¥[T]) 



Vv,weL{A),AeP+ : e^(/„^ |t) = ((f | } , 



and (f> S Lie{T) is uniquely determined by . Due to Proposition 5.1 we have 
¥[T]^¥[X nP]. 

• First we show the inclusion h C Lie{T). For /i G h we get an element 

eheDeri{¥ [T]) by 

ehiex) X{h) , X e X n P . 

This derivation has the required properties, because for vx G L{A)\, G 
L(A)^, A, /i G P{A), A G P+, we have 

(^hifv^w^r) = eh{{{vx\Wf,))e^,) {{vx \ Wf,)) fi{h) = {{vx \ hw^,)) . 

• To show the reverse inclusion, we first prove for e G Deri (F [T] ) the following 
statement by induction over fc G N: 
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Let Ai, . . . , Afc ^ XDP and pi, . . . ,Pk G ^, such that piAi + . . . +pk^k ^ XnP. 
Then we have 

e(epiAi+...+p,Aj = pie{ex,) + . . . + Pke{exJ . (34) 

The begin of the induction = 1: If pi > this follows by using the derivation 
properties of e, and the monoid properties of X n P. If pi < then (— pi)Ai G 
X n P, and we have 

= e(eo) = e(epiAie-piAi) = e(epiAi ) + (-pi)e(eAi ) ■ 

The step of the induction from k k + I: If pi, . . . , p^, Pk+i are nonnegative, 
then piAi + . . . + pfcAfe , Pfc+iAfe+i G X n P, and we have 

c(6pi Ai + ...+pfc + i Afc + i ) — ^(^piAi+...+pfcAfc6p^^iAfc+i) — ^(Gpi Ai + ...+pi. Afc ) + £(6pfc+i A 

Let one of the pi's be negative, say Pk+i < 0. Then (— Pfe+i)Afe-|_i G X Ci P. 
Therefore also piAi + . . . + Pk>^k = (piAi + . . . +Pfc+iAfe+i) + (-pfc+iAfe+i) G 
X O P, and we have 

e(epiAi+...+pfcAfc) ~ ^{^pi>^i+---+Pk+iXk+i^-Pk+i>^k+i) 
= £(cpiAi+...pfc+iAfc+i) + e(e-pfc^iAfc+i) • 

In both cases, using the induction assumption and the begin of the induction, 
we get equation (p4[). 

Now let 4> G Lie{T) and set h := E?"^/ e^IcaJ/ij. For aU A G X n P we find 

e0(eA) = £4>{^j:,x{hi)Ai) = ^ Hh,)€^{eAi) = A(/i) = eh{ex) ■ 

i = i 

Therefore — e^, and = ft, G h. □ 



6.2 The Lie algebras of t/+ and U 

To determine the Lie algebras of we need the tangent space of the Kostant 
cone Va ■— G{L{A)a) at a highest weight vector. 

Theorem 6.2 Let A G P+ and va G L{A)a- We have 

_ ( gP(A)A tf VA^O 

^ " 1 L(A) */ ^;a = • 

Proof: Denote by Lhigh the L(2A)-isotypical component of P(A) (E> L{A). For 
a G A U {0} choose ( | )-dual bases {ca C g_^, (fa C g_^, such that 
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fa ^ — e*^)j for all a G A, i = 1, ... , ma- 
• Let V G L{A). First we show 

TvVa = { X e L{A) I x(E)v + v(g)x e L^gh } (35) 
= |a; G L(A) ^ {A \ A) (^x (g) v + v (g) x'^ = 

E E (^^'^^ ® + ^"^^ ® /^^^^) } ■ (36) 

aGAU{0} i 

The equality of the two sets on the right follows, because of 

Lhigh = [ve L{A) ® L(A) I ilu = (A I A)^; I , 

where f2 is given by the formal expression X]aeAu{o} compare 
Proposit ion 14 .12. 

Due to | K,P 2 |, Theorem 2 a), the vanishing ideal /(Va) is generated by the 
functions 

{A\A)UU,~ E E/(eW)*^ /(/(•' )-^' ' w,w' e L{A) . 
QeAu{o} i = i 

Therefore a; G T^Va if and only if the corresponding derivation 5x G DeVy ( F [L(A)] 
annihilates these functions, which means that for all w, w' G L(A) we have 

^ iA\A)({{w\x)){{v\w')) + {{w\v)){{x\w')) 



aeAu{0} i ^ 

Because (( | )) is nondegenerate, this is equivalent for x to be an element of 
the set given in (p6|). 

• Using equation ( |35| ) we find ToVa = -^(A). Now let va ^ 0. Since v\(g va & 
Lhigh, we get 

(cyvA) (gvA + VA(g {cyvA) = cy{vA ® va) e Lhigh for aU y G g, c G F . 



Due to equation pq ) we have Tu^Va 2 gi(A)A- To show the reverse inclusion, 
let X G Tyj^VA- It is sufficient to show that all the homogenous parts x\ G ^(A)^ 
of X are contained in gL(A)A. Due to equation (^6|) we have 

(A I A) E (^A ®VA + VAg>Xx 

A e P(A) V 



L(A)«)L(A) ) 



/ A+A 



A e p(A) QeAu{o} i 



e (^L(A)®L(A)j 
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We compare the (A + A)-honiogenous parts of this equation. Since — e^^ 
for a G A, and ^aVt^ = for a G A+, we find 

{{k I A) - (A I A)) [xx ® VA + WA xx^ 

= E El^^^^^^/^'^A + Z^^^^'A^eWa;;, 

aeA+ i 



If (A I A) = (A I A), then due to |Mo,Pi |, section 6.2, Proposition 9, we have 



A = A. Therefore x\ G L(A)a. If (A | A) 7^ (A | A) apply the map ((wa | ■))®id 
to the last equation: 

(A I A) - (A I A)) (((z;a | x^)) va + {{va \ va)) x^) 

= E E(((^A I e«x,))/«^;A + {{va I /««A))e«2;,) . 

QGA+ i ' 



Solving for the free xx gives xa G n va ®^ va — g-^(A) 



A- 



□ 



Theorem 6.3 We have Lie{U^) = ri^ 

Proof: Using the tangential map at 1 of the isomorphism of varieties * : U~ 
t7+, we find Lie{U'^) = Lie{U~)* . Therefore it is sufficient to show the theorem 
for U-. 

• First we show ize([/^) D n . The Lie algebra n~ is generated by g„ , a G A^g. 
Therefore it is sufficient to show, that for an element a; G g„, a G A^^., the 
corresponding derivation 6x G Deri [gr-Adj (^^j^^p+ L(A) )] ) annihilates 
the vanishing ideal I (U^). If f ^ I (U^), then we have 

= /(exp(te)) = f{l) +td,j;{f) + 0{f) foraU te¥ . 

Because of |F | = 00 we get Sx{f) ~ 0. 

• To show the reverse inclusion let A G va G i(A)A \ {0}. The map 



$ : gr-Adj I L(iV) J 



L(A) 



is a morphism of varieties. Its tangential map at 1 is given by: 

ri$: rJgr-Adjf ^ L{N)]\ ^ T,,L{A) 

(j) ^ <pVA 
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Because of C Va we have {Ti^){TiU~) C T^^Va- Let e Lie{U-) and 

Stfi the corresponding derivation. Due to the last theorem there exist y G n^, 
c S F, such that 

(t)VA = yVA + CVA ■ 

For y G we find 

WyvAVAlu-) = {{yvA\yvA))+c{{yvA\vA)) Sy{fyy^y^\u-) ■ 



Because the functions /yt,^ |[/ - , y G n generate the algebra ¥[U ], we have 
(5^ = Therefore <f) — y ^ toT . 

□ 



6.3 The Lie algebra of G 

To determine the Lie algebra of G, we use a description of the variety of the 
principal open set D-^{9a) = U~TU^ , A G P^^ . We state this description first. 

Proposition 6.4 Let (_D^((?a) , F [Dj^{9a)] , (Sa) ) the variety of a prin- 
cipal open set Dijt{9a), A G 

1) We have Dj.{9a) =T and¥ [D^i9A)] F [P]. 

2) We have Ti{Dtp{9a)) = h. The derivation 6h corresponding to h Cz h is given 
by Shiex) = X{h), A G P. 

Proof: Part 1) can be proved in a similar way as Proposition |5. 1C| . Due to our 



identifications, and Proposition 6.1, we have Ti{Dj;(9a)) = Pi(P) ~ h. The 
derivation G Deri{¥ [T]) given in the proof of this proposition extends to the 
derivation 5h € P'en^F [Dj^(9a)])- 

□ 

Theorem 6.5 Let A G P++. Let va G L{A)a \ {0}. The multiplication map 

m: X Dj.{9a) x C/+ ^ D-q{9a) 
is bijective. Lts comorphism 

m* : F [D-^{9a)] ^ F [U'] ® F [P] F [U+] 
exists, and is an isomorphism of algebras. Furthermore we have 

^^^^ ) = fyv,v,\u'<E>l<E>l , yen-, (37) 

m* (^j^lo^ie^)^ = I®ejv-„A<»1 , iVGP+,nGNo, (38) 



* f fvA yVA I 



I ^ I fvAVVA\u+ , y&n . (39) 



86 



The map m^^ : D-^(9a) x D7p[dA_) x is a morphism of varieties. Its 

tangent map Ti(m~^) : Ti{D-^{9a)) —^ 7(1,1.1) {U^ x _D^((?a)) x U^) is injec- 
tive. 



Proof: The proof is similar to the proof of Theorem 5.11. The injectivity of 
Ti{'m'~^) follows from the surjectivity of (m^^)*. 

□ 

The following theorem is one of the main results of this paper: 

Theorem 6.6 We have Lie{G) ~ g . 

Proof: 

• First we show Lie{G) 3 g. It is sufficient to show g^ C Lie{G) for all (3 G A^e, 



and H C Lie{G). Due to Proposition 3.4 the Lie algebra of G is given by 

3 5^ e Den[V[G]) 



Lie{G) = gr-Adj I L(A) | 



^v,w€ L(A), A e P+ : S^if^u, \g) = {{v \ 

Let X/3 £ g^, /3 e Are, and h E H. Due to the Peter and Weyl theorem for 
F [G] , there exist linear maps 

,5,.:F[G]^F ^'^^ Sn{fM--={{v\hw)) . ^ ^ MAj, A e . 

Using the 1-parameter subgroups exp{txfj), t e F, and </i(s), s £ F^, we can 
write these maps in the following forms, which show that Sxfi and 6^ are deriva- 
tions in 1: 

^^fiif) ^ Tt\o f{exp{txp)) f ^K\r} 

• To prove the inclusion Lie{G) C g, we use the notations of the last theorem. 
We identify T^ia,i) {U- x D^{0a)) x U+) with Ti(t/-) x Ti{Dj^{eK)) x Ti[U+). 
The tangent map Ti j : Ti{D-q[9a)) ^ TiG of the inclusion map j : D-q{9a_) 
G is bijective. Therefore the following concatenation of maps 

Ti(G) TiiD^ie^)) Ti(C/-) xTi(i^5.(0A)) xTi([/+) 

is injective. Due to Theorem |6.3| we have Ti([/^) = n^. Due to Proposition 



6.4 we have Ti(Dj;{9\)) = h. We also know g C Ti(G). To show equality, it is 



sufficient to show 

{Ti{m^'^) o (Tijy^) {y + h + x) = [y , h , x) for all y e , e h, x e 

To do this, we have to work with the corresponding derivations. Set z = 
y + h + X, and let Sz G /?eri(F[G]) be the corresponding derivation. Let 
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5y e Deri{¥[U-]), 6h e Deri{¥ [DTp{eK)]), and 6.^ e Den ( F [[/+] ) be the 

derivations corresponding to y, h, and x. 

Using equation (|39|) of the last theorem, we find for y G n^: 



^a(I) 

= 1 =0 

= ^xifvA yvA \u+) ■ 
Because the algebra F [[/+] is generated by /i,^ |[/+ , y G n^, we get 

(Ti(m-i))(Tijr'('5.) = (...,... ,<5.) . 

Similar we have (Ti(m"i)) (Tij)-i('5z) [Sy ,...,...) . 

Let TV e P+ and rt G No. Using equation (^8|) of the last theorem we find 

((Ti(m-i))(rijr')(<5.))(l ®e^-„A® 1) = (^^r '(<5.)) 
= <5ft(eAf-,iA) • 

Because F [P] is spanned by ejv-nA, -/V G P+, ri G No, we conclude 
{T,{m-^)) {T,j)-\S,) = (... ,<5^,...) . 

□ 
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